FALTINGS HEIGHTS OF CM CYCLES AND DERIVATIVES OF 

L-FUNCTIONS 
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-.^ ' Abstract. We study the Faltings height pahing of arithmetic Heegner divisors and CM 

f~^ , cycles on Shimura varieties associated to orthogonal groups. We compute the Archimedian 

^SJ ' contribution to the height pairing and derive a conjecture relating the total pairing to the 

central derivative of a Rankin L-function. We prove the conjecture in certain cases where 
the Shimura variety has dimension 0, 1, or 2. In particular, we obtain a new proof of the 
Gross-Zagier formula. 
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^ ■ 1. Introduction 

^t^ , Let E be an elliptic curve over Q. Assume that its L-function L{E, s) has an odd 

' functional equation so that the central critical value L(E, 1) vanishes. In this case the 

Birch and Swinnerton-Dyer conjecture predicts the existence of a rational point of infinite 
order on E. It is natural to ask if is possible to construct such a point explicitly. The 
celebrated work of Gross and Zagier [GZJ provides such a construction when L'{E, 1) 7^ 0. 
C\| I We briefly recall their main result, the Gross-Zagier formula, in a formulation which is 

O . convenient for the present paper. 

(^ . Let N be the conductor of E, and let Xo(A^) be the moduli space of cyclic isogenics of 

1^ ! degree N of generalized elliptic curves. Let K be an imaginary quadratic field such that 

O I N is the norm of an integral ideal of K, and write D for the discriminant of K. We may 
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consider the divisor Z{D) on Xo(A^) given by elliptic curves with complex multiplication 
by the maximal order of K. By the theory of complex multiplication, this divisor is 
defined over K, and its degree h is given by the class number of K. Hence the divisor 
/S [ y{D) = iiK/Q{Z{D) — h ■ (00)) has degree zero and is defined over Q. By means of the 

c^ ■ work of Wiles et al. |Wi] . |BCDTj . we obtain a rational point y^{D) on E using a modular 

parametrization Xq{N) —>■ E. The Gross-Zagier formula states that the canonical height 
of y^{D) is given by the derivative of the L-function of E over K ai s = 1, more precisely 

(l/^(Z}), y^(D))jvT = C^\L\E, 1)L{E, xd, 1). 

Here C is an explicit non-zero constant which is independent of K, and L{E, xd, s) denotes 
the quadratic twist of L{E, s) by the quadratic Dirichlet character xd corresponding to 
K/Q. It is always possible to choose K such that L{E,xd, 1) is non-vanishing. So y^{D) 
has infinite order if and only if L'(L^, 1) 7^ 0. 
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The work of Gross and Zagier triggered a lot of further research on height pairings of 
algebraic cycles on Shimura varieties. For instance, Zhang considered heights of Heegner 
type cycles on Kuga-Sato fiber varieties over modular curves in |Zhl] . and the heights 
of Heegner points on compact Shimura curves over totally real fields in |Zh2] . Gross 
and Keating discovered a connection between arithmetic intersection numbers of Hecke 
correspondences on the product of two copies of the modular curve X{1) over Z and 
the coefficients of the derivative of the Siegel Eisenstein series of genus three and weight 
two [GKj . This inspired an extensive program of Kudla, Rapoport and Yang relating 
Arakelov intersection numbers on Shimura varieties of orthogonal type to derivatives of 
Siegel Eisenstein series and modular L-functions, see e.g. |Ku2j . |Ku5j . [KRY2J . 

In these works the connection between a height pairing and the derivative of an auto- 
morphic L-function comes up in a rather indirect way. The idea is to identify the local 
height pairings in the Fourier coefficients of a suitable integral kernel function (often given 
by an Eisenstein series), which takes an automorphic form to the special value of the 
derivative of an L-function associated to (p. 

In the present paper we consider a different approach to obtain identities between certain 
height pairings on Shimura varieties of orthogonal type and derivatives of automorphic L- 
functions. It is based on the Borcherds lift [BolJ and its generalization in |Br2j . [BFj . We 
propose a conjecture for the Faltings height pairing of arithmetic Heegner divisors and CM 
cycles. We compute the Archimedian contribution to the height pairing. Using this result 
we prove the conjecture in certain low dimensional cases. We now describe the content of 
this paper in more detail. 

Let (y,Q) be a quadratic space over Q of signature (n, 2), and let H = GSpin(V^). 
We realize the hermitian symmetric space corresponding to H{M.) as the Grassmannian 
D of oriented negative definite two-dimensional subspaces of \^(]R). For a compact open 
subgroup K C H{Af) we consider the Shimura variety 

XK = H{Q)\{BxH{Af)/K). 

It is a quasi-projective variety of dimension n, which is defined over Q. 

We define CM cycles on Xk following [Scho] . Let U C V he a. negative definite two- 
dimensional rational subspace of V. It determines a two point subset {%} C D given 
by f/(]R) with the two possible choices of orientation. Let V^+ C \^ be the orthogonal 
complement of U. Then V^ is a positive definite subspace of dimension n, and we have 
the rational splitting V = V-^Q)U. Let T = GSpin(f/), which we view as a subgroup of H 
acting trivially on V+, and put Kt = K (1 T(A/). We obtain the CM cycle 

ZiU) = T(Q)\({4} X TiAj)/KT) — Xk. 

We aim to compute the Faltings height pairing oi Z(U) with arithmetic Heegner divisors 
on Xk that are constructed by means of a regularized theta lift. We use a similar setup as 
in |Ku4] . Let L C ^ be an even lattice, and write V for the dual of L. The discriminant 
group V / L is finite. We consider the space 5*^ of Schwartz functions on V{Kf) which are 
supported on L' ® Z and which are constant on cosets of L = L ® Z. The characteristic 
functions 0^ = char(yU-|-I/) of the cosets ii G L' / L form a basis of S^. We write F' = Mp2(Z) 
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for the full inverse image of SL2(Z) in the two fold metaplectic covering of SL2(M). Recall 
that there is a Weil representation p^ of T' on 5*^, see (12 ■71) . 

Let k e |Z. We write Ml^^^ for the space of S'L-valued weakly holomorphic modular 
forms of weight k for T' with representation pi. Recall that weakly holomorphic modular 
forms are those meromorphic modular forms whose poles are supported at the cusps. The 
space of weakly holomorphic modular forms is contained in the space H^p^^ of harmonic 
weak Maass forms of weight k for F' with representation px, (see Section [3] for precise 
definitions). An element / G H^pj^ has a Fourier expansion of the form 

/(^)= E E c+(n,p)g>^+ J2 5Zc-(^,/i)r(l-A;,47r|n|t;)g>^, 

n3>— oo n<0 

where F(a,t) denotes the incomplete Gamma function, and v is the imaginary part of 
T E M.. Note that c^{n,fi) = unless n G Q{fi) + Z, and that there are only finitely 
many n < for which c"'"(n, p) is non-zero. There is an antilinear differential operator 
^ : Hkpj^ -^ S2-k,pL to the space of cusp forms of weight 2 — k with dual representation. It 
is surjective and its kernel is equal to M^p^. 

Assume that K C H{Af) acts trivially on L' /L. Recall that for any p G L' /L and for 
any positive m G Q{p) + Z there is a Heegner divisor Z{m,p) on X^, see Section HJ An 
arithmetic divisor on Xk is a pair {x, Qx) consisting of a divisor x on Xk and a Green 
function g^ of logarithmic type for x. For the divisors Z{m,n) we obtain such Green 
functions by means of the regularized theta lift of harmonic weak Maass forms. For t eM., 
2 G D and h G H{Af), let 6l{t, z, h) be the Siegel theta function associated to the lattice 
L. Let / G -ffi-n/2,pi be a harmonic weak Maass form of weight 1 — n/2, and denote its 
Fourier expansion as above. We consider the regularized theta integral 

/reg 
{f{r),eL{T,z,h))dp{T). 

This theta lift was studied in |Br2j . |BFj . generalizing the Borcherds lift of weakly holo- 
morphic modular forms |Bolj . It turns out that <l'(z, /i, /) is a logarithmic Green function 
for the divisor 

^(/) = XI 5Zc+(-m,p)Z(m,p) 

in the sense of Arakelov geometry (see [SABKj ). It is harmonic when c~''(0,0) = 0. The 
pair Z{f) = {Z{f), $(■, /)) defines an arithmetic divisor on Xk- We obtain a linear map 

i^i-nAp, ^Zi(X^)c, f^Zif) 

to the group of arithmetic divisors on Xk- Using the Borcherds lift |Bol] . we see that this 
map takes weakly holomorphic modular forms with vanishing constant term to arithmetic 
divisors which are rationally equivalent to zero. 

Let X — i> Spec(Z) be a regular scheme which is projective and fiat over Z, of relative 
dimension n. An arithmetic divisor on A" is a pair [x, g^) of a divisor x on X and a 
logarithmic Green function g^ for the divisor x(C) induced by x on the complex variety 
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X[C), see |SABKj . Recall from [BGSj that there is a height pairing 

Cil\x) X Z"(A') — yR 
between the first arithmetic Chow group of X and the group of codimension n cycles. 

When X = {x,gx) G CH {X) and y G Z'^{X) such that x and y intersect properly on the 
generic fiber, it is defined by 

{X, y)Fal = {X, y)fin + {x, y)oo, 

where {x,y)oo = |fi'x(y(C)), and {x,y)fin denotes the intersection pairing at the finite 
places. The quantity {x,y)Fai is called the Faltings height of y with respect to x. 

We now give a conjectural formula for the Faltings height pairing of arithmetic Heegner 
divisors and CM cycles (see Section O for details). We are quite vague here and ignore 
various difficult technical problems regarding regular models. Assume that there is a 
regular scheme Xk —>■ Spec Z, projective and fiat over Z, whose associated complex variety 
is a smooth compactification of X^- Let Z{m,n) and Z{U) be suitable extensions to X^ 
of the cycles Z{m, /i) and Z{U), respectively. Such extensions can be found in many cases 
using a moduli interpretation of Xk, see e.g. |Ku5] . |KRY2j . or by taking flat closures as 
in |BBKj. For an / G ifi-n/2,pi, we set Z{f) = £^ Em>oC"^(-^'/^)^("^' /")• Then the 
pair 

i(/) = (z(/), $(-,/)) 

defines an arithmetic divisor in CH {Xx)c- The pairing of this divisor with the CM cycle 
Z{U) should be given by the central derivative of a certain Rankin type L-function which 
we now describe. 

Using the splitting V = V+Q)U, we obtain definite lattices N = LnU and P = LnV+. 
Let 

ti(^P'/P m>0 

be the Fourier expansion of the Sp-valued theta series associated to the positive definite 
lattice P. For a cusp form g G 5'i+,„/2,p^ with Fourier expansion g = ^ J2m>o ^("^' f^)l"^4^fj.y 
we consider the Rankin type L-function 

(1.1) L{g,U,s) = {47r)-('+-y'r{^)Y, E r(m,/x)6K^m-(^+")/^ 

»n>OpeP'/P 

where g is considered as an S'peAf- valued cusp form in a natural way (via Lemma l3.ll) . 
This L-function can be written as a Rankin-Selberg convolution against an incoherent 
Eisenstein series En{t,s]1) of weight 1 associated to the negative definite lattice A^, 
see Section I^?T1 Under mild assumptions on U, the completed L-function L*{g,U,s) := 
^{Xd, s + l)L{g, U, s) satisfies the functional equation 

L*{g,U,s) = -L*ig,U,-s). 

Consequently, it vanishes at s = 0, the center of symmetry, and it is of interest to describe 
the derivative L'{g, U, 0). 
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Conjecture 1.1. Let f G Hi_n/2,pLJ ^'^^ assume that the constant term c+(0,0) of f 
vanishes. Then 

(1-2) (i(/), Z(f/))^,, = _A^^L'(e(/), U, 0). 

vol (At) 

In Section H] we compute the Archiniedian contribution to the height pairing, see Theo- 
rem U]8l 

Theorem 1.2. The Archimedian height pairing {Z{f),Z{U))oo is given by 
IhZ{U), f) = -j^ (CT ((/+, dp ® S^)) + L'iai), U, 0)) . 

Here /"*" denotes the "holomorphic part" of the harmonic weak Maass form / and Sn{t) 
is the holomorphic part of the derivative E'j^{t, 0; 1) of the Eisenstein series associated to 
A^, see fl2.24p . Moreover, CT( ■ ) means the constant term of a holomorphic Fourier series. 
In the proof we combine the approach of Kudla and Schofer to evaluate regularized theta 
integrals on special cycles (see [Ku4j . [Scho] ) with results on harmonic weak Maass forms 
and automorphic Green functions obtained in [BFj . The basic idea is to view the evaluation 
of $(z, h, f) on Z{U) as an integral over T{Q)\T{Af)/KT. Then the CM value $(Z(f/), /) 
can be computed using a see-saw identity, the Siegel-Weil formula, and the properties of 
the Maass lowering and raising operators on Eisenstein series and harmonic weak Maass 
forms. 

When / is actually weakly holomorphic then ^(/) = and Theorem 11.21 reduces to the 
main result of [Scho] . Moreover, the Borcherds lift of / gives rise to a relation which shows 
that the arithmetic divisor Z{f) is rationally equivalent to zero. Hence the Faltings height 
in Conjecture 11.11 vanishes. Therefore the Archimedian contribution to the height pairing 
must equal the negative of the contribution from the finite places. This leads to a general 
conjecture for the finite intersection pairing of Z{m,fi) and Z{U) (see Conjecture 15. ip 
which motivates Conjecture II. H 

Conjecture 1.3. Let fi G L'/L, and let m G Q(/i)+Z be positive. Then {Z{m, fi),Z{U))fin 
is equal to — ^^j,^ ■. times the {m,^)-th Fourier coefficient of Op ® £n- 

In view of Theorem 11.21 this conjecture is essentially equivalent to Conjecture II. 1[ We 
discuss this in detail in Section [5l where we also give a slight generalization and derive 
some consequences. 

In Section [6] we consider the case n = where V is negative definite of dimension 2. 
Then we have U = V . The even Clifford algebra of V is an imaginary quadratic field 
k = Q(a/D), and H = GSpin(\^) = k*. For simplicity we assume that the lattice L is 
isomorphic to a fractional ideal o C fc with the scaled norm — N(-)/ N(a) as the quadratic 
form. We take K = Ol, which acts on L'/L trivially. Then X^ is the union of two copies 
of the ideal class group C1(A;). An integral model over Z can be found by slightly varying 
the setup of [KRYl] . It is given as the moduli stack C over Z of elliptic curves with complex 
multiplication by the ring of integers of k. The Heegner divisors can be defined on C by 
considering CM elliptic curves whose endomorphism ring is larger, and therefore equal to 
an order of a quaternion algebra. They are supported in finite characteristic. 
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In this case the lattice P is zero-dimensional and the L-function L{C,{f),U,s) vanishes 
identically. Therefore Conjecture 11.11 reduces to the statement that the arithmetic degree 
of the Heegner divisor Z{f) on C should be given by the negative of the average of the 
regularized theta lift of /. We prove this identity using Theorem 11.21 and the results 
obtained in |KRYlj . respectively their generalization in [KYI] . More precisely we show 
(see Theorem 16.51): 



Theorem 1.4. Let f G Hip^ and assume that the constant term of f vanishes. Then 

d5(Z(/)) = -i Yl '^(^^hj). 

In Section [7| we consider the case n = 1. We let V be the rational quadratic space of 
signature (1,2) given by the trace zero 2x2 matrices with the quadratic form Q{x) = 
Ndet{x), where A^ is a fixed positive integer. In this case H = GL2. We chose the lattice 
L (Z V and the compact open subgroup K C H{Af) such that Xk is isomorphic to the 
modular curve ro(A^)\]HI. The Heegner divisors Z{m,fj,) and the CM cycles Z{U) are both 
supported on CM points and therefore closely related. 

The space >S'3/2,p^ can be identified with the space of Jacobi cusp forms of weight 2 and 
index A^. Recall that there is a Shimura lifting from this space to cusp forms of weight 2 
for ro(A^), see |GKZ] . Let G be a normalized newform of weight 2 for ro(A^) whose Hecke 
L-function L{G, s) satisfies an odd functional equation. There exists a newform g G >S'3/2,p^ 
corresponding to G under the Shimura correspondence. It turns out that the L-function 
L{g, U, s) is proportional to L{G, s + 1), see Lemma [7731 

We may choose / G Hi/2,p,^ with vanishing constant term such that ^(/) = 11(711 "^fif 
and such that the principal part of / has coefficients in the number field generated by 
the eigenvalues of G. Then Z{f) defines an explicit point in the Jacobian of Xo(A^), 
which lies in the G isotypical component, see Theorem 17.61 In this case Conjecture 11.11 
essentially reduces to the following Gross-Zagier type formula for the Neron-Tate height of 
Z{f) (Theorem EZD- 
Theorem 1.5. The Neron-Tate height of Z{f) is given by 



2\/N 
{Z{f),Z{f))^T = ^,L'{GA). 

The proof of this result which we give in Section 17.31 is quite different from the original 
proof of Gross and Zagier and uses minimal information on finite intersections between 
Heegner divisors. Instead, we derive it from Theorem II. 2 [ modularity of the generating se- 
ries of Heegner divisors (Borcherds' approach to the Gross-Kohnen-Zagier theorem |Bo2] ). 
and multiplicity one for the subspace of newforms in S3/2,pl jSZ] . Another crucial ingre- 
dient is the non-vanishing result for coefficients of weight 2 Jacobi cusp forms by Bump, 
Friedberg, and Hoffstein |BFHj . Employing in addition the Waldspurger type formula 
for the coefficients of g |GKZ] . we also obtain the Gross-Zagier formula as stated at the 
beginning. 

We conclude Section [7] by giving an alternative proof of Conjectures 11.11 and 11.31 in this 
case. It relies on the computation of the finite intersection pairing of 2[f) and Z{U) by 
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pulling back to Z{U) and employing the results for the n = case obtained in Section [61 
Finally, in Section [S] we use the same idea to prove Conjecture 11.31 in certain special cases 
for n = 2. Here we consider the case where the CM 0-cycle lies on the diagonal in a Hilbert 
modular surface. The normalization of the Hirzebruch-Zagier divisor given by the diagonal 
is the modular curve of level 1. We may pull back the divisor Z{f) to this modular curve 
and compute the intersection there using the results of Section [7] (see Theorem 18. ip . 

The paper is organized as follows. In Section [2] we collect important facts on theta 
series, Eisenstein series and the Siegel-Weil formula. In Section [3] we recall some results 
on vector valued modular forms and harmonic weak Maass forms. In Section H] we define 
the regularized theta lift and compute the CM values of automorphic Green functions. 
Section O contains the conjectures on Faltings heights. In Section E] we consider the case 
n = 0, in Section [7] the case n = 1, and in Section [H] the case n = 2. 

We would like to thank W. Kohnen and S. Kudla for very helpful conversations. Part 
of this paper was written, while the first author was visiting the Max-Planck Institute for 
Mathematics in Bonn. He would like to thank the institute for providing a stimulating 
environment. The second author thanks the AMSS and the Morningside Center of Math- 
ematics at Beijing for providing a wonderful working environment during his visits there, 
where part of this work is done. 

2. Theta series and Eisenstein series 

Here we fix the basic setup. We present some facts on theta series, Eisenstein series, and 
the Siegel-Weil formula. We refer to [Kulj . |Ku4] for details. 

Let (y,Q) be a quadratic space over Q of signature (n, 2). Let H = GSpin(V^), and 
G = SL2, viewed as an algebraic groups over Q. Recall that there is an exact sequence of 
algebraic groups 

1 — ^ G™ — >H — > SO(r) — > 1. 

Let A be the ring of adeles of Q. We write G'^ for the twofold metaplectic cover of G{A). 
We frequently identify G'-g^, the full inverse image in G'^ of G'(M), with the group of pairs 

where g = (" ^) G SL2(M) and 0(r) is a holomorphic function on the upper complex half 
plane EI such that 0(t)^ = ct + d. The multiphcation is given by {gi, (f>i{T)){g2, <p2{T)) = 

i9ig2,M92T)(j)2{^))- 

Let K' be the full inverse image in G'^ oi K = SL2(Z) C G(A/). Let K'^ be the full 
inverse image in G'^ of K^ = S0(2, M) C G{R). We write G'q for the image in G'j, of G(Q) 
under the canonical splitting. We have G^ = G'qG'-^K' and 

T:=SU{Z) = G'QnG'gK'. 

We write P' = Mp2(Z) for the full inverse image of SL2(Z) in G^. Then for every 7' G P' 
there are unique elements 7 G P and 7" G K' such that 



/ // 



(2.1) 7 = 77 
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The assignment 7' 1-^ 7" defines a homomorphism T' — > K'. Let ip be the standard non- 
trivial additive character of A/Q. The groups G^ and H{A) act on the space S{V{A)) of 
Schwartz-Bruhat functions of V"(A) via the Weil representation u = u^. 
For (/9 G S(y{A)) we have the usual theta function 

^{9,h;(p)= Y^ {uj{g,h)ip){x), 

x€V{Q) 

where g G G^ and h G H{A). It is left invariant under GL by Poisson summation, and it 
is trivially left invariant under H{Q). 

Here we consider the following specific Schwartz functions. We realize the hermitean 
symmetric space corresponding to iJ(]R) as the Grassmannian 

B = {zc V{R); dim{z) = 2 and Q \,< 0} 

of oriented negative definite 2-dimensional subspaces of V(]R). For any z G D, we may 
consider the corresponding majorant 

which is a positive definite quadratic form on the vector space l^(]R). The Gaussian 

ipoo{x,z) =exp{-TT{x,x)z) 

belongs to S'(V(]R)). It has the invariance property ipoo{hx,hz) = ipoo(yX,z) for any h G 
if (M). Moreover, it has weight n/2 — 1 under the action of the maximal compact subgroup 
K'^ C Gfg. Let ipf G S(y{Af)). We obtain a theta function on G^ x H{A) by putting 

(2.2) 9{g, h; v?/) = ^{g, h; ^oo(-, ^0) ® V^/(-)) > 

where Zq E Bi denotes a fixed base point. This theta function can be written as a theta 
function on EI x D in the usual way. For 2; G D we chose a /i^ G H{M.) such that h^Zo = z. 
Notice that uj{hz)'^oo{'7Zo) = ipoo{',z). Moreover, choosing i as a base point for H, we put 

'1 u\ fv'/^ 

,0 lyi V V-^/\ 

for r = M + if G EI and write g'^ = {gr, 1) G G'^. So we have g'^i = r. We then obtain the 
theta function 

(2.3) e{T, z, hf- ^f) = t;""/^+i/2^((?;, {K, hf); ^^{-^ z,) ® Vf{-)) 

= ^-n/4+l/2 ^ u^[g-){Voo{:z)®u{hf)Vf){x) 
xdVm 

for hf G H{Af). Using the fact that 

^-n/4+i/2^(^. ) (^^(., z)) (x) = ve{Q{x,.)T + Q{x,)f) , 
we find more explicitly 

(2.4) e{T,z,hf,ipf) = v Y^ e{Q{x,±)T + Q{x,)f)(g)ipf{h]^x). 

xe 
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By means of the argument of [Ku4l Lemma 1.1], we obtain the following transformation 
formula for 9{t, z, hf] ipf) under V . Let 7' = (( ^ ^ ) ? 0) ^ T', and write 7 = 7'7" as in f|2.1l) . 
Then we have 

(2.5) e{{^^ ^^T,z,hj;^j^=<P{rr-'9{T,z,hf;u;jiY)-'Vf). 

If we view 9 {T,z,hf; ■) as a function on EI with values in the dual space S{V{Af)y of 
S{V{Af)), we see that 9 {T,z,hf] ■) transforms as a (non-holomorphic) modular form of 
weight n/2 — 1 with representation cuY. 

Let L C \^ be an even lattice and write L' for the dual lattice. The discriminant group 
L' /L is finite. We consider the subspace Sl of Schwartz functions in S{V{Af)) which are 
supported on L' ^ Z and which are constant on cosets of L = L ® Z. For any fi G L' /L, 
the characteristic function 

0^ = char(yU + L) 

belongs to Sl, and we have 

S^ = C0, C SiV{Aj)). 

IJ.£L'/L 

In particular, the dimension of 5*^ is equal to \L'/L\. The space Sl is stable under the 
action of K' via the Weil representation (see |Ku4] ) . 
We define a S'^-valued theta function by putting 

(2.6) 9LiT,z,hf)= ^ 9{T,z,hf;(j)f,)(j)f,. 

HdL'/L 

If we identify Si with the group ring C[L'/L] by mapping 0^ to the standard basis ele- 
ment e^ of C[L'/L], then 9l{t, z, 1) is exactly the Siegel theta function 0L(r, z) considered 
by Borcherds in |Bol] §4 for the polynomial p = 1. (Under this identification of 5*^ 
with C[L'/L] the L^ scalar product on Sl corresponds to the standard scalar product on 
C[L'/L]. The convolution product corresponds to the usual product in C[L'/L].) Let 
y = (( « ^) , 0) e r. We write 7 = 7'7" as in i^^ and put 

(2.7) Pi(7')=^/(7")- 

Then p^ defines a representation of F' on Sl. The transformation formula (12.51) implies 
that 

(2.8) 9l ( (^ ^) r, z, hi^ = <P{tT-'pl{i')9l (r, ., hj) . 

Let T = ((J J) , 1), and S = ((? V) ' V^) denote the standard generators of F'. Recall 
that the action of pl is given by 

(2.9) p^(r)(0^) = e(/xV2)0M, 

(2.10) p^(^^(^^^ = '-^^^wfr- E e(-(/^'^))'^- 

Vl^/^l ueL'/L 
see e.g. [BM], [Ki4], [B?2] . 



10 JAN H. BRUINIER AND TONGHAI YANG 

2.1. The Siegel-Weil formula. Here we briefly recall the Siegel-Weil formula in our 
setting (see [Wej . |KRlj . |KR2j . [Kulj ). We assume that n is even, which is sufficient 
for our purposes. In this case the dimension of V is even so that the Weil representation 
factors through G = SL2. 

For a G Gm we put m(a) = (oa-0' ^^^ ^°^ 6 G Ga we put n(b) = (01). Let P = 
MN C G he the parabolic subgroup of upper triangular matrices, where 

(2.11) M = {m{a); ae G„} , 

(2.12) N = {n{by, 6gGJ. 

Let xv denote the quadratic character of A^/Q^ associated to V given by 

Xy(x) = (x,(-l)<i'-^/Met(r))A. 

Here det(y) denotes the Gram determinant of V and (■, ■) is the Hilbert symbol on A*. 
For s G C we denote by I{s,xv) the principal series representation of G(A) induced by 
Xv\ ■ l'^- It consists of all smooth functions $((7, s) on G(A) satisfying 

<^{n{b)m{a)g,s) = xv{a)\a\'+^<!>{g,s) 

for all 6 G A, a G A^, and the action of G{A) is given by right translations. There is a 
G(A)-intertwining map 

(2.13) A : SiViA)) -^ /(so, Xv), Kv)ig) = (^(^)v^)(0), 

where Sq = dim(V^)/2 — 1. A section $(s) G I{s, xv) is called standard, if its restriction to 
KooK is independent of s. Using the Iwasawa decomposition G{A) = N (A) M (A) K^oK , 
we see that the function X{f) G I{sq, xv) has a unique extension to a standard section 
X{ip, s) G /(s, Xv) such that X{ip, sq) = X{(p). 

We give an example at the Archimedian place. For ^ G Z, let Xi bs the character of K^o 
defined by 

Xiih) = e''', 

where kg = {-"stnecos^e) ^ -^oo- Let $^(s) G Ioo{s,xv) be the unique standard section 
such that 

<l>Like,s) = Xi{ko) = e^''. 

In terms of the Iwasawa decomposition we have 

(2.14) ¥^{n{b)m{a)h,s) = xvia)\a\'^'e'''. 
Then it is easily seen that for the Gaussian we have 

(2.15) Aoo(^oo(-,^)) = $^/'-'(5o). 
For any standard section $(s), the Eisenstein series 

7eP(Q)\G(Q) 

converges for 9fJ(s) > 1 and defines an automorphic form on G{A). It has a meromorphic 
continuation in s to the whole complex plane and satisfies a functional equation relating 
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E{g,s]^) and E{g,—s;M{s)^). In our special case, the Siegel Weil formula says the 
following (see [Wej . |Ku4t Theorem 4.1]). 

Theorem 2.1. Let V be a rational quadratic space of signature (n, 2) as above. Assume 
that V is anisotropic or that dim(V") — tq > 2, where tq is the Witt index of V. Then 
E{g, s] X{ip)) is holomorphic at sq and 

- ^{g,h](p)dh = E{g,So;X{ip)). 

^ ^SO(V)(Q)\SO{V)(A) 

Here dh is the Tamagawa measure on SO(y)(A), and a = 2 ifn = 0, and a = 1 if n > 0. 

Note that the theta integral on the right hand side converges absolutely by Weil's con- 
vergence criterion. 

2.2. Quadratic spaces of signature (0,2). Here, as in |Schoj . we are interested in the 
special case, where V is a definite space of signature (0,2). Then {V,Q) is isometric to 
[k, — cN(-)) for an imaginary quadratic field k with the negative of the norm form scaled 
by a constant c G Q>o- The group H{Q) can be identified with the multiplicative group k* 
of k, and SO(l^) is the group of norm 1 elements in k. The homomorphism H —>■ S0(\^) is 
given by /i I— > hh~^, and SO(l^) acts on k by multiplication. Moreover, the Grassmannian D 
consists of the two points Zy and Zy given by V{M.) with positive and negative orientation, 
respectively. We want to compute the integral of the theta function 9l{t, zy, hf) in (12.61) . 
where zy € D. To this end, for £ G Z, we define a S'^-valued Eisenstein series of weight i 
by putting 

(2.16) EL{T,s;i)=v-'/' Yl E{g,.s-¥^®Xf{<P^))<P^. 

We normalize the measure on SO(V)(M) = S0(2,M) such that vol(SO(V)(M)) = 1. 
This determines the normalization of the measure dhf on SO(V)(Aj). Note that in this 
normalization we have vol(SO(V^)(Q)\ SO(F)(A/)) = 2. By Theorem O and fl2J[5D we 
obtain: 

Proposition 2.2. We have 

dL{T,Zv,hf)dh = EL{T,0--l). 

SO(V)m\SO{V){Af) 

Following |KuH §IV.2], we write down this Eisenstein series more classically. It is easily 
seen that P(Q)\G(Q) = T^\T, where T^ = P(Q) n T. Hence we have 

E{gr,s;<l>)= Yl '^(^9r,s). 

7eroo\r 
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For 7 = ( ^ ^) G r we consider the Iwasawa decomposition 7(7^ = nm{a)kg, where a G ]R>o 
and 6 eM.. A calculation shows that 



a = V 



1/2 1 



cr + rf|~\ 



jg CT + d 

e - 



\cT + d\ 
Inserting this into (12.14p . we see that 

<i79r, s) = v^l'^"\cr + dr\cr + dt^-'. 
Therefore we obtain 

76roc\r ' ' 

7Groo\r ' ' 

Here (■, ■) denotes the L^ scalar product on Sl. Consequently, for the vector valued Eisen- 
stein series we find 

(2.17) EL{r,s-l)= J2 MrY'^'^'^/'MkpLl^ 

7eroo\r 

where l^^p^ is the usual Petersson slash operator of weight i for the representation pi. In 
particular we see that this Eisenstein series coincides up to a shift in the argument with 
the Eisenstein series considered in |BKl §3]. 

Let Li = —2iv'^^ be the Maass lowering operator, and let R^ = 2i^ + iv~^ be the 
Maass raising operator in weight i. It is easily seen that 

L,El{t, s;i) = ^{s + l- 1)El{t, s;£-2), 

RiELir, s;i) = ^{s + l + i)EL{T, s;i + 2) 
(see also |Ku4t Lemma 2.7]). In particular, we see that 

(2.18) L,EL{T,s;l) = ^EL{r,s;-l). 



Since El(t, s; —1) is holomorphic at s = by Theorem 12. ![ we find that El{t, s; 1) vanishes 
at s = 0, the center of symmetry. This corresponds to the fact that El{t,s] 1) is an 
incoherent Eisenstein series, see |Ku2] . because it is constructed at all finite places from 
the data corresponding to the quadratic space iV,Q), but at the Archimedian place one 
takes {V, —Q). In particular El{t, s; 1) satisfies an odd functional equation under s 1— > —s, 
which explains the vanishing at s = (see also Proposition [53]). The identity 02.181) implies 
that 

(2.19) L,E'^{t,0;1) = 1-El{t,0--1), 
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where -E^(t, s; 1) denotes the derivative of El{t, s; 1) with respect to s. This identity can 
be written in terms of differential forms as follows. 

Lemma 2.3. We have 

-2d (Ei(r, 0; 1) dr) = ^^(r, 0; -1) dfiir). 

As in |Schoj we write the Fourier expansion of the Eisenstein series in the form 

(2.20) El{t,s;1)= J^ J2 Ms,m,v)q^(P^, 

fi&L'/LmGQ 

where q = e^'^*'^ as usual. The coefficients An{s,m,v) are computed in |KY2j . [KRYl] . 
[Scho] , and |BK] . The formulas we will need later are summarized in Theorem 12.61 below. 
Notice that A^{s,m,v) = unless m G Q(/i) + Z. Since the Eisenstein series vanishes at 
s = 0, the coefficients have a Laurent expansion of the form 

(2.21) Af,{s,m,v) = bf,im,v)s + Ois^) 
at s = 0, and we have 

(2.22) E'^{t,0;1)= J^ Y.^M^'^)<r^,- 

neL'/LmeQ 

For the evaluation of an automorphic Green function at a CM cycle, the following quantities 
play a key role: 

(2.23) fi:(m,/i) := P'"^"^'"^''^"''^'^' ii m ^ or fi ^ Q, 

1 lim^^oo &o(0,'y) — log(f ), if m = and /i = 0. 

According to |Schol Proposition 2.20 and Lemma 2.21], (see also |Ku4t Theorem 2.12]), 
the limits exist. If ?ti > 0, then b^{m, v) is actually independent of v and equal to K{m, /x). 
We also have n{m, /i) = for m < or m = 0, /i 7^ 0. Using the quantities «:(m, /i) we 
define a holomorphic Sl valued function on EI by 

(2.24) Sl{t)= J2 E '^(^"")^'"'^m- 

fiGL'/LmeQ 

This function is clearly periodic, but it is not invariant under the |i^p^-action of S* G F'. 

Remark 2.4. Another way of interpreting fl2.19p is that -E'^(r, 0; 1) is a harmonic weak 
Maass form (see Section [3TT1) of weight 1 which is mapped to v~^El{t, 0; —1) under ^. The 
function Sl{t) is simply the holomorphic part of E'i{t, 0; 1). 

Now we assume that {L,Q) = (a, —^^) where a is a fractional ideal of an imaginary 

quadratic field k = Q(\AD) with fundamental discriminant D = 1 (mod 4). We denote by 
Ok the ring of integers in k, and write d for the different of k. In this case, V = k, the 
dual lattice is given by L' = d~^a, and 

L'/L = d-^a/a ^ d'^/Ok = Z/DZ. 
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Proposition 2.5. Let the notation he as above. Let xd be the quadratic Dirichlet character 
associated to k/Q, and let 

AiXD, s) = \D\'^Ms + 1)L{XD, s), T^is) = 7r-ir(|) 

be its complete L-function. Let 

EI{t,s) = A{xd,s+1)El{t,s), 

then 

EUt,s) = -EI{t,-s). 

Proof. It is equivalent to prove the equation for each E{t, s, fi) = E{t, s, $^ eg) A/(0^). By 
Langlands' general theory of Eisenstein series, one has 

E{g,s,^) = E{g,-s,M{s)^). 

Here M(s) = np<oo ^p{^) '■ H^^ Xd) — ^ -^(— s, xd) is the usual intertwining operator given 
by (when ^(s) > 0) 

(2.25) Mp{s)^p{g,s)= [ %{wn{h)g,s)dh 

for $p G Ip{s, Xd), where Ip{s, xd) is the local principal series. 
When p = oo, it is well-known that 

(2.26) M^{s)^l{g,s) = CUs)<^l{g,-s) 
with 

(2.27) CUs) = MUs)<^Ul,s). 

It is also known (see for example |KRYll Proposition 2.6]) that 

(2.28) C^{s) = -loo{V) l^l' III 

Ir{s + Z) 

where 7oo(^) = — 7oo(— ^) = i is the local Weil index associated to the local Weil rep- 
resentation ujv of SL2(M) on the Schwartz space ^(V" ® M) with respect to the dual pair 
{0{V), SL2). The fact we need here is that 7oo(^) = — 7oo(— V"), not the explicit formula, 
and $^ coming from the dual pair {0{—V), SL2). 

When p\ Doo, L is unimodular, and it is well-known (see [KRYll Section 2]) that 

(2.29) Mp{s)^^{g, s) = Cp{s)^^{g, -s) 
with 

(2.30) Cp{s) = J^f^^^^^y 

Lp[xD,s + l) 

When p\D and /x = 0, the intertwining operator is also computed in [KRYU Sections 2, 3]. 
We do it here in general. Let 

K,{p) = {9={l J) G SL2(Zp); c ^ (mod p)}. 
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Every g G Kq{p) can be written as product 

g = n4pc)n{b)m{a), n_(c) = (i?), n{b) = {l\), m(a) = (;;^°i) 

with a eZp, b,c e Zp. Let w = ( ? "qM) then 

SU{Zp) = Ko{p) U B{Zp)wN{Zp), 

where 

B{Zp) = {m{a); a E Z;}, iV(Zp) = {n{b); b G Zp}. 

Notice also that SL2(Qp) = -B(Qp) SL2(Zp). So $p G /(s, x/j) is determined by its value in 
Kp = SL2(Zp). Recall locally that 

<l>p{g,s) = \a{g)nuJv{9)<P,m, 

where 0^ = char(/i + Lp) is the p-part of 0^ and \a{g)\ = \a\ ii g = n{b)m{a)k with 
k G SL2(Zp). One can check that 

^^ignib)) = ^ibQifi))^^ig), 6 G Zp, 

(2.31) <!>^{gm{a)) = XD(a)$a-v(^)> « ^ Z;, 
*/.(^^~(pc)) = <l>^(^), cGZp, 

$p(^«;) = 7p(V^)vol(Lp) Yl V^p(-(/i,A))$A(<?), 

A6L^/Lp 

since uJv{g)4'fi satisfies similar equations. Here ip = Ylp'^p i^ ^^^ 'canonical' additive 
character of Qa, and vol(Lp) = [Lp : Lp]~2 is the measure of Lp with respect to the 
self-dual Haar measure on Lp (with respect to ^pp). By definition, it is easy to see that 
^^{g,—s) = M(s)$^((7,s) G /p(— s,xd) satisfies the same equations. So both $^ and $^ 
are determined by their values a.t g = 1. A simple computation gives 

$^(1) = ^p{V) vol(Lp)5^,o = lp{V) vol(Lp)$^(l). 

Since both functions satisfy the same set of equations and are determined by their values 
a.t g = 1, one has 

(2.32) Mp{s)^,{g, s) = ^,{g, -s) = ^p{V) Yo\{Lp)^,{g, -s). 
Combining (I2:26|) - (l2:32|) together with 

nvol(Lp) = D-i YllpiV) = l, 

p\D p<oo 

one sees that 

E{g, s, <I>1 ® Xf{<P,)) = _y^^lil^E(^, -s, $L ® Xf{<P,)). 

This proves the proposition since A{xd, s) = A{xd, I — s). D 

We end this section with a theorem of Schofer |Scho^ Theorem 4.1], which will be used 
later. 
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Theorem 2.6. Let the notation be as above, and let h^ be the class number ofk = Q(vD)- 
Write X = {D, •)a = IlpXp '^■s o product of local quadratic characters. Let jj, G L' / L and 
m > such that m G Q{fi) + Z. Then 

~A{Xd, l)fi:(m, ii) = r]o{m, ft) J^ (ordp(m) + l)p{m\D\/p) \ogp 

p inert 

+ p{m\D\) y^ r]p{m,fi) (ordp (m) + l)logp 

p\D 



where 



r7p(m,/i) = (l-Xp(-mN(a))) J] (1 + X9(-"^N(a))), 



Q\D,qf^p 
M9=0 



^oK/^)= ll{l + X,{-mN{a))). 



q\D 

/lq = 

Here we take riQ{m, fi) = 1 and rip{m, fi) = if fig 7^ for all q\D. Finally, 

pH = #{bcOfc; N(b)=n}. 
We also have 

Proof. The formula for fi;(0, 0) foUows from (Schot Lemma 2.21]. The other formula is 
|Schot Theorem 4.1] when D < —3. Looking into his proof, the formula is true in general 
for D = 1 (mod 4) if we replace hj^ by A{xd, !)• Notice that 

(2.33) AixD, 1) = ^^LixD, 1) = —hk. 

71 Wk 

Here Wk is the number of roots of unity in k. D 

3. Vector valued modular forms 

Let (V, Q) be a quadratic space as in Section [2], and let L C V^ be an even lattice. In this 
section we make no restriction on the signature {b^,b~) of V. We consider the subspace 
Sl of Schwartz functions in S{V{Af)) which are supported on L' = L' ® Z and which are 
constant on cosets of L. For any n G L' /L, we write 0^ for the characteristic function of 
/i + L. 

We use r as a standard variable on EI and write u for its real and v for its imaginary part. 
If / : EI — > Sl is a function, we write / = J2ueL'/L ft^'t'n for its decomposition in components 
with respect to the standard basis (0^) of Sl. Let k G |Z, and assume for simplicity that 

k = ^ ~^ (mod 2). Let p = pL he the Weil representation of V = Mp2(Z) on Sl, see 
(12. 7p . We denote by A^^p the space of 5^- valued C°° modular forms of weight k for F' with 
representation p. The subspaces of weakly holomorphic modular forms (resp. holomorphic 
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modular forms, cusp forms) are denoted by Ml^^ (resp. Mi^^p, Sk^p). We need a few facts 
about such vector valued modular forms. 

If / G Ak^p and g G A_k,p, then the scalar valued function 

(3.1) {f{r),9{r))= J^ U^)9,{r) 

is invariant under T'. For f,g & ^fc,p, we define the Petersson scalar product by 

(3.2) {f,9)pet = J {f,9)v'dix{T), 

provided the integral converges. Here dfj,{T) = ^^^^ is the invariant measure on H, and 
J^ = {t & M.] \u\ < 1/2 and \t\ > 1} denotes the standard fundamental domain for the 
action of F on H. 

Let K and L be even lattices. Then the Weil representation oi K (B L is isomorphic 
to the tensor product of px and pl- Moreover, if / = J2ueK'/K ffj.^fj. ^ ^k,pK ^^d g = 
T.ueL'/L9u(pv e \p^, then 

Let M C -L be a sublattice of finite index, then a vector valued modular form / G ^fc,pL 
can be naturally viewed as a vector valued modular form in ^fc,pAf Indeed, we have the 
inclusions M <Z L (Z L' (Z M' and therefore 

L/M C L'/M C M'/M. 

We have the natural map L'/M -^ L' /L, p \-^ p. 

Lemma 3.1. There are two natural maps 

resL/M ■■ Ak,p^ ^ Ak,p^j, f t-^ fM 

and 

tiL/M ■■ Ak,pj,j -* Ak,p^, g^g^ 

such that for any f G ^fe.p^ and g G Ak^pj^j 

{f.t) = {fM,g). 

They are given as follows. For p G M'/M and f G Ak^pj^, 

.. . ^ //a, if pe L'/M, 

^^''^^ \0, tf Pi L'/M. 
For any p G L' / L, and g G A^^p^j, let p he a fixed preimage of p in L'/M. Then 

a&L/M 

Proof. See |Sche| Proposition 6.9] for the map lesL/M- The assertion for tiL/M can be 
proved analogously. D 
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Remark 3.2. The following fact about the trace map and theta functions, which is easy 
to check, will be used in Section HI 

(3.3) Ol = [Om] 



\L 



3.1. Harmonic weak Maass forms. Now assume that A; < 1. A twice continuously 
differentiable function / : EI ^ 5*^ is called a harmonic weak Maass form (of weight k with 
respect to V and pi) if it satisfies: 

(i) / \kp, i = f for all f G T'; 
(ii) there is a S'^-valued Fourier polynomial 

ii(iV IL n<0 

such that /(r) — Pj{j^ = 0(e^^^) as f — > oo for some e > 0; 
(iii) Afe/ = 0, where 

A ■=-v^(— —] ikv(— I— 
\du^ dv"^ J \du dv 

is the usual weight k hyperbolic Laplace operator (see |BFj ). 

The Fourier polynomial Pf is called the principal part of /. We denote the vector space 
of these harmonic weak Maass forms by H^p^ (it was called H^ in |BF] ). Any weakly 
holomorphic modular form is a harmonic weak Maass form. The Fourier expansion of any 
/ £ -f^fc.pi, gives a unique decomposition / = /"*" + /", where 

(3.4a) r(r)= J^ E c+(n,/i)g"0p, 

lieL'/L neQ 
n2>— oo 

(3.4b) f-ir)= J2 E^"('^'/^)^(27rHg>/., 

fi(^L'/L neQ 
n<0 

and W{a) = Wkia) := J^^^e-H-'^dt = 1(1 - A;,2|a|) for a < 0. We refer to /+ as the 
holomorphic part and to /~ as the non-holomorphic part of /. 

Recall that there is an antilinear differential operator ^ = ^k '■ Hk,pL ~^ S2~k,pL-i defined 
by 

(3.5) f{r)^iU){r):=v^-''L;f{T). 

Here L^ is the Maass lowering operator. The kernel of ^ is equal to M^, . By |BF[ 
Corollary 3.8], the sequence 

(3.6) Ml^^ Hk,p, -^ S2-k,p, 

is exact. 

There is a bilinear pairing between the spaces M2-k,pL and Hk^pj^ defined by the Petersson 
scalar product 



(3.7) {9,f}={9,m) 



Pet 
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for g G M^-k^pL and / G H^p^. If g has the Fourier expansion g = Xlun ^(^'/^)9'"'i^A" ^^^ 
we denote the Fourier expansion of / as in (13 ■4p . then by [BFl Proposition 3.5] we have 

(3.8) {gj}= J2 E^''(^'/^)^(-'^'/^)- 

fi&L'/L n<0 

Hence {g, /} only depends on the principal part of /. The exactness of (13.61) implies that 
the induced pairing between S2-k,pL and Hk,p^/M\p^ is non-degenerate. 

Lemma 3.3. Let f G H^^pj^ and assume that Pf is constant. Then f G M^^p^. 

Proof. It follows from the assumption and (13. 8p that 

(e(/),e(/))p,, = {e(/),/} = o. 

Hence ^(/) = and / is weakly holomorphic. Since Pf is constant we find that / G 
Mk,p^. U 

Lemma 3.4. Let ^ G L' / L, and let m G Q>o such that m = —Q{fi) (mod 1). There exists 
a harmonic weak Maass form fm,p G H^pj^ whose Fourier expansion starts as 

fm,,{r) = \{q-^ct>, + q''^<P-,) + 0(1), v ^ oo. 
Proof. This is an immediate consequence of |BF[ Proposition 3.11]. D 

4. Regularized theta integrals 

Let (V, Q) be a quadratic space over Q of signature (ra, 2). We use the setup of Section [2l 
In particular, L C l^ is an even lattice. Let K C H{Af) be a compact open subgroup acting 
trivially on Sl- We consider the Shimura variety 

(4.1) Xk = H{Q)\{B X H{Af)/K). 

It is a quasi-projective variety of dimension n defined over Q. 

On Xk we consider the following Heegner divisors (cf. |Bolj . |Br2j . |Ku4j ) . We follow 
the description in |Ku4t pp. 304]. Let x G V{Q) be a vector of positive norm. We write 
Vx for the orthogonal complement of a; in l^ and H^ for the stabilizer of x in H. So 
Hx = GSpin(V"j:). The sub-Grassmannian 

(4.2) D^ = {^ G D; z ± x} 

defines an analytic divisor of D. For h G H{Af) we consider the natural map 

(4.3) Hx{Q)\Bx X Hx{Af)/{Hx{Af) n HKh-') — . Xk, {z, h,) ^ {z, h,h). 

Its image defines a divisor 2'(x, h) on Xk-, which is rational over Q. For m G Q>o let 

(4.4) fi™ = {x G V- Q{x) = m} 
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be the corresponding quadric in V. If ^^(Q) is non-empty, then by Witt's theorem, we 
have fim(Q) = H{Q)xq and Qm{Af) = H{Af)xo for a fixed element Xq G ^^(Q). For a 
Schwartz function (y9 G 5"^, we may write 

(4.5) supp((^) n a^{Af) = ]J K^-'xo 

j 

as a finite disjoint union, where ^j G H{Af). This follows from the fact that supp((y9) is 
compact and Qrn{Af) is a closed subset of V{Af). We define a composite Heegner divisor 
by putting 

(4.6) Z(m,<^) = J2vi^i'^o)Z{xo,Q. 

j 

This definition is independent of the choice of Xq and the representatives C,j- For n G L' /L 
we briefly write Z{m,fj,) := Z(m, 0^). The following lemma is a special case of |Ku3l 
Proposition 5.4]. 

Lemma 4.1. Assume that H{Af) = H{Q)K and put Tk = H{Q) fl K. Then 

Z{m,(p)= ^ v5(x)pr(D^,l), 

where pr : D x H{Af) — ^ Xk denotes the natural projection. D 

Let / G -ffi-n/2,pi be a harmonic weak Maass form of weight 1 — n/2 with representation 
Pi for F', and denote its Fourier expansion as in (13. 4p . Throughout we assume that 
c~^{m,ij,) G Z for all m < 0. We consider the regularized theta integral 

preg 

(4.7) ^z, h,f) = J (/(r), e^ir, z, h)) dpir) 

for 2; G D and h G H{Af). The integral is regularized as in |Bolj . |BFj . that is, ^{z, h, f) 
is defined as the constant term in the Laurent expansion at s = of the function 

(4.8) hm / {fiT),eLiT,z,h))v~^dpiT). 

Here jFj. = \r E M.\ \u\ < 1/2, |r| > 1, and f < T} denotes the truncated fundamental 
domain. The following theorem summarizes some properties of the function $(2;, /i, /) in 
the setup of the present paper (see |Br2j . [BFj ). 

Theorem 4.2. The function ^{z,h,f) is smooth on XK\Z{f), where 

(4.9) Zif)= J2 $^c+(-m,/.)Z(m,/i). 

IJ.eL'/Lm>0 

It has a logarithmic singularity along the divisor —2Z{f). The {l,l)-form dd'^^{z,h, f) 
can be continued to a smooth form on all of X^- We have the Green current equation 

(4.10) dd^[«D(z, h, /)] + 5zu) = [dd'^iz, h, /)], 
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where 6z denotes the Dirac current of a divisor Z. Moreover, if A^ denotes the invariant 
Laplace operator on D, normalized as in [Br2j . we have 

T) 

(4.11) A,$(;.,/i,/) = --c+(0,0). 

In particular, the theorem imphes that $(2;, h, f) a Green function for the divisor Z{f) 
in the sense of Arakelov geometry in the normahzation of |SABK] . (If the constant term 
c^(0, 0) of / does not vanish, one actually has to work with the generalization of Arakelov 
geometry given in |BKKj .) Moreover, we see that $(2;, h, /) is harmonic when c"*"(0, 0) = 0. 
Therefore, it is called the automorphic Green function associated with Z{f). 

In the special case when / is weakly holomorphic, $(z, h, /) is essentially equal to the 
logarithm of the Petersson metric of a Borcherds product '^{z,h,f) on Xk- Note that 
$(2;, h, f) has a finite value for every 2; G D, even on Z{f), where it is not smooth, see [Scho] . 
Similar Green functions are investigated from the point of view of spherical functions on real 
Lie groups in |OTj . The following theorem gives a characterization of $(z, /i, /). Although 
it is not needed in the rest of the paper, we include it here to provide some background. 

Theorem 4.3. Assume that the Witt rank of V over Q is smaller than n. Let G he a 
smooth real valued function on XK\Z{f) with the properties: 

(i) G has a logarithmic singularity along —2Z{f), 
(ii) AzG = constant, 
(iii) G G L^+^(Xa', dij,{z)) for some e > 0. 

Then G{z, h) differs from $(z, h, f) by a constant. 

Here dfi{z) is the measure on X^ induced from the Haar measure on the group H{A). If 
the Witt rank of V is equal to n, one can obtain a similar characterization by also requiring 
growth conditions at the boundary of Xx- The constant could be fixed, for instance, by 
adding a condition on the value of the integral J^ G dfi{z). 

Idea of the proof. First, we notice that $(z, h, f) satisfies the properties (i)-(iii). The first 
two are contained in Theorem 14. 2[ The third can be proved using the Fourier expansion 
of ^{z, h, /) (see [Br2j ) and the 'curve lemma' as in [Br3t Theorem 2]. 

Hence the difference G{z, h) — $(z, /i, /) is a smooth subharmonic function on the com- 
plete Riemann manifold X^ which is contained in L^^'^{Xx.,d^{z)). By a result of Yau, 
such a function must be constant (see e.g. |Br2^ Corollary 4.22]). D 

4.1. CM values of automorphic Green functions. We define CM cycles on Xk as 
follows. Let U C. V be a negative definite 2-dimensional rational subspace of V . It 
determines a two point subset {z^} C D given by [/(M) with the two possible choices of 
orientation. Let Vj^ <ZV he the orthogonal complement of U over Q. Then Vj^ is a positive 
definite subspace of dimension n, and we have the rational splitting 

(4.12) V = V+®U. 
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Let T = GSpin(f/), which we view as a subgroup of H acting trivially on l^+, and put 
Kt = Kn TiAf). We obtain the CM cycle 

(4.13) ZiU) = T(Q)\({4} X T{Aj)/Kt) — X^. 

Here each point in the cycle is counted with multiplicity ^^7^, where wk,t = i^{T{Q)nKT)- 
It is our goal to compute the value of $(z, /) on Z{U). In the special case when / 

is weakly holomorphic this was done by Schofer |Schoj . whose argument we will extend 

here. The related problem of computing the integrals of logarithms of Petersson norms of 

Borcherds products is considered in |Ku4j . |BKj . 

We fix the Tamagawa Haar measure on SO([/)(A) so that vol(SO(f/)(]R)) = 1, and 

vol(SO(f/)(Q)\SO(f/)(A/)) = 2. We also fix the usual Haar measure on A^ so that 

vol(Z;) = 1. So vol(Z*) = 1, and vol(Q*\A}) = 1/2. We then use the exact sequence 

1 ^ A} ^ T{Kf) -^ SO(f/)(Aj) -^ 1 
to define the Haar measure on T{Af). 
Lemma 4.4. With the notation as above, one has 

(4.14) $(Z(f/),/) = ^- Yl *(^'/) 

wkt — 



,.^ . , Hz+,h,f)dh. 

Proof. For any r(Q)i^7--invariant everywhere defined L^-function F on T(Aj), one has 



F{h)dh= / / F{hk)dkdh 

T(Q)\T(Aj) JT{Q)\T{Af)/KT J {T{Q)nKT)\KT 

= Yol{{T{Q)nKT)\KT) Yl ^(^) 

h€T{Q)\T{Af)/KT 



E ^(^)- 



Wkt 

-"'^ heT{Q)\T{Af)/KT 

On the other hand, the exact sequence 

1 ^ G„ -^ T ^ SO(t/) -^ 1 
implies that if F is also AVinvariant, we have 

F{h)dh = \ f F{h)dh. 

So 

y- F{h) = ^/^'^ / F{h)dh. 

hmQ)\TiAf)/Kr 2vol(irT) JsO(Um)\SOmAf) 

Taking F{h) = ^{z^,h, f), and noticing that ^{z^,h,f) = ^{z^^h, f), one proves the 
lemma. D 



/ 

Jt( 
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Remark 4.5. Taking F = 1 in the proof of the previous lemma, one sees 
(4.15) deg Z{U) ^ 



vo\{Kt) ■ 
Using the sphtting (14.121) . we obtain definite lattices 

N = Lr\U, p = Lr]V+. 

Then A^ © P C L is a sublattice of finite index. Since Op^^ = Op ® On, and 0^ = (Op^jy)^ 
by (13.31) , Lemma 13.11 implies that 

{f,OL) = {fpm,Op^ON). 

So we may assume in the following calculation L = P © iV if we replace / by /peTv- 
For z = zfj and h G T{Af), the Siegel theta function Ol{t, z, h) splits up as a product 

(4.16) OLir, z^,h)= Op{t) © ^^(r, z^,h). 

Here Op{t) = Op{t, 1) is the holomorphic S'p- valued theta function of weight n/2 associated 
to the positive definite lattice P. 

For the computation of the CM value $(Z(f/), /) it is convenient to write the regularized 
theta integral as a limit of truncated integrals by means of the following lemma. If S{q) = 
Xlnez'^n^'" ^^ ^ Laurent series in q (or a holomorphic Fourier series in r), we write 

(4.17) CT{S) = ao 
for the constant term in the g-expansion. 
Lemma 4.6. // we define 

(4.18) Ao = CT((/+(r), Opir) © 0o+jv)), 
we have 

$(z^,/i,/)= lim 

I — >CxD 



(/(r), Opir) © O^ir, z^, h)) dfiir) - Ao log(T) 



Proof. We use the splitting f = f~^ + f of / into its holomorphic and non-holomorphic 
part. If we insert it into the definition (14. 7p . we obtain 

preg p 

(4.19) $(4, hj) = J (/+(r), O^ir, z^, h)) dfxir) + j (/- (r), O^ir, z^, h)) df^ir). 

Since /~ is rapidly decreasing as f — > cxd, the second integral on the right hand side 
converges absolutely. For the first integral on the right hand side we insert the factorization 
(I4.16P of Oi{t, zfj,h) and argue as in |Schol Proposition 2.19] or |Ku4l Proposition 2.5]. 
We find that it is equal to 

lim 

T->oo 



(/+(r), Opir) © O^ir, z^, h)) d^i^r) - A^ log(T) 



Adding the two contributions, we obtain the assertion. D 
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Lemma 4.7. We have 

<l>(Z(t/),/) = — |— lim [/ (/(r), ^p(r)®i^^(r,0;-l))rf/i(r)-2Aolog(r) 

where En{t,Q\ —1) denotes the Eisenstein series defined in fl2.16p . 

Proof. We insert the formula of Lemma [4.61 into the definition fl4.14p . The evaluation of 
$(2;, /i, /) at the CM cycle is a finite sum, which may be interchanged with the limit. 
Consequently, the lemma follows from the Siegel-Weil formula, see Proposition 12.21 D 

For any g G SiJ^n/2,pL we define an L-function by means of the convolution integral 

(4.20) L{g,U,s) = {ep{T) ® En{t,s-1), g{T)) p^^. 

The meromorphic continuation of the Eisenstein series En{t, s; 1) leads to the meromorphic 
continuation of L{g, U, s) to the whole complex plane. At s = 0, the center of symmetry, 
L{g,U,s) vanishes because the Eisenstein series Eiy{T,s; 1) is incoherent. Proposition 12.51 
gives the following simple functional equation for 

L*{g,U,s):=A{xD,s + l)L{g,U,s) 
when A^ = (a, — j^) for a fractional ideal a oi k = Q{^/D): 

(4.21) L*{g,U,s) = -L*{g,U,-s). 
Let 

(4.22) g{r)= J^ J2^{m, fi)q"'<l>,, 

^GL'/Lm>0 

(4.23) ep{T)= J2 E^(^'/^)^"'<^M 

IJ.eP'/Pm>0 

be the Fourier expansion of g and 6p, respectively. Using the usual unfolding argument, 
we obtain the Dirichlet series expansion 

(4.24) L{g, U, s) = (47r)-(^+")/2r ^^^ ^ ^ ^^^^ /i)6(m,/x)m-(^+")/l 

m>0 ^leP'/P 

Theorem 4.8. The value of the automorphic Green function ^{z,h,f) at the CM cycle 
Z{U) is given by 

^{Z{U), f) = -^^ (CT ((/+(r), dp{r) ® S^{r))) + L'{af), U, 0)) . 

Here £n{j) denotes the function defined in (I2.24p . and L'{^{f),U,s) the derivative with 
respect to s of the L-series (I4.20p . 

Proof. In view of Lemma 14.71 we have 

(4.25) ^ZiU), f) = — ^ hm [Irif] - 2A, log(T)] , 
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where 

ItU) := [ {f{r), 9p{r) ® En{t, 0; -1)) dfi{r). 

We compute /t(/) combining the ideas of |Schoj and |BF] . According to Lemma [2.31 we 
have 

/t(/) = -2 / (/(r), ep{r) OE'^ir, 0; 1) dr) 

= -2 f d{f{r),ep{r)®E'^{T,0-l)dT) + 2 f {{df), 9 p{t) ^ E'^{t, 0;1) dr). 
Using Stokes' theorem and the definition of the Maass lowering operator, we get 
hif) = -2 [ (/(r), epir) ® E'^ir, 0; 1) dr) 

+ 2 / (Li_„/2/, ^p(r)®E^(r,0;l))dMr) 
= 2 / {f{T),ep{T)(^E'^{T,0;l))dT 

JT=iT 

+ 2 / {W), Op{t) ® E'^{t, 0; 1)) v'+'^/'dfiir). 
If we insert this formula into (14.251) . we obtain 



^Z{U)J) 



voI(At) "^^^^ 

4 
+ 



iT+l 



{f{r), 0p{r) ® E'j,{t, 0; 1)) dr - Aq log(T) 



(e(/), ^p(r) ® i?;v(r, 0; 1)) i;i+"/Xr). 



The second summand on the right hand side leads to L'{^{f), U, 0) via the integral repre- 
sentation (14.201) . For the first summand, we may replace / by its holomorphic part /"*", 
since /~ is rapidly decreasing as f ^ oo. Inserting the Fourier expansion of i?^(r, 0; 1) 
and the definition of Aq, we get 



lim 

T-»oo 



(/(r), Opir) ® E'j,{t, 0; 1)) dr - ^ log(r) 

T=iT 
T+1 



lim 

T->oo 



"^"^ \ fj,eN'/Nm&Q 

Here S^^^ denotes the Kronecker delta. The limit is equal to 

CT((/+(r), 0p(r)®^^(r))). 
This concludes the proof of the theorem. 



^ym,v) -5f,fl5m,oiog{v))q"'(l)^ ) dr. 



D 



In the special case when / is weakly holomorphic we have ^(/) = 0. Hence the L-function 
term vanishes and the above formula reduces to |Schot Theorem 1.1]. 
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Remark 4.9. If the principal part Pf is constant, then 

$(Z(f/),/) = — 1— c+(0,0)«:(0,0). 
vo[[Kt) 

Proof. In view of Lemma 13731 the assumption implies that / G Mi_„/2,pi- Hence ^(/) = 
and the assertion follows. D 

5. Faltings heights of cm cycles 

Let X — i> Spec(Z) be an arithmetic variety, that is, a regular scheme which is projective 
and flat over Z, of relative dimension n. Let Z (X) denote the group of codimension d 
cycles on X. Recall that an arithmetic divisor on A' is a pair {x,gx) of a divisor x on Af 
and a Green function g^ for the divisor x(C) induced by x on the complex variety X{C). 
So Qj. is a smooth real function on X{C) \ x{C) with a logarithmic singularity on x{C) 
satisfying the current equation 



dd^lg^] + (5^(c) 



UJrr 



with a smooth (1, l)-form Ux on X{C). We write CH (X) for the first arithmetic Chow 
group of X, that is, the free abelian group generated by the arithmetic divisors on X 
modulo rational equivalence, see [SABKj . Moreover, if F C C is a subfield we put 

CH V)f = CIi\a') ®z F. 
Recall from [BGS] that there is a height pairing 

cii\;f) xZ"(A') — >R. 

When X = {x,gx) G CH (X) and y G Z"'{X) such that x and y intersect properly on the 
generic fiber, it is defined by 

{X, y)Fal = {X, y)fin + {x, y)oc, 

where 

{x,y)oo = -gx{y{C)), 

and {x,y)fin denotes the intersection pairing at the finite places. When x and y do not 
intersect properly, one defines the pairing by replacing x by a suitable arithmetic divisor 
which is rationally equivalent. The quantity {x, y)Fai is called the Faltings height of y with 
respect to x (see also [BKKt §6.3]). 

Theorem 14.81 and the examples of the next sections lead to the following conjectures. 
We are quite vague here and ignore various difficult technical problems regarding regular 
models. Assume that there is a regular scheme Xk —>■ Spec Z, projective and flat over Z, 
whose associated complex variety is a smooth compactiflcation X^ of Xk- Let Z{m,n) 
and Z{U) be suitable extensions to X^ of the cycles Z{m,n) and Z{U), respectively. Such 
extensions can be found in many cases using a moduli interpretation of Xx, see e.g. |Ku5j . 
[KRY2J . (When n > one can often also take the flat closures in X^ of Z{m, fi) and Z{U), 
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respectively.) For an / G Hi_n/2,pLi the function $(-, /) is a Green function for the divisor 
Z(f). Set Z{f) = E^Em>oC^(-"^'/^)^("^'/^)- Then the pair 

Z(/) = (Z(/), $(-,/)) 

^ — - 1 
defines an arithmetic divisor in CH {Xk)c- (When Xk is non-compact, one has to add 

suitable components to the divisor Z{f) which are supported at the boundary, see Section[71 

Moreover, if the constant term c"'"(0, 0) of / does not vanish, one actually has to work with 

the generalized arithmetic Chow groups defined in |BKK] .) Theorem 14.81 provides a formula 

for the quantity 

(5.1) {Z{f),Z{U))^ = hiZiU),f). 

If / is weakly holomorphic with constant term c~''(0,0) = 0, then Z{f) should be ratio- 
nally equivalent to a torsion element, the relation being given by the Borcherds lift of /. 
Assuming this, we would have 

= (i(/), ZiU))Fai = {Z{f), Z{U))f,^ + UiZ{U), /). 

Theorem 14.81 then implies that 

(5.2) {Z{f), Z{U))f,^ = -^;^j^ CT ((/+(r), ep{r) ® f^(r))) . 
Expanding both sides would suggest the following conjecture on the arithmetic intersection. 



fin 



Conjecture 5.1. Let fi G L' /L, and let m G Q(yu)+Z be positive. Then {Z{m, /i), Z{U)) 
is equal to — ^^^.^ . times the {m,fj,)-th Fourier coefficient of Op ® £n, that is, 

2 

(Z(m,/i),Z(t/))/i„ = -— r^ ^ ^ r(mi,/ii)/t(m2,/i2). 

fj-2&N'/N mi+m2=m 

Here r{m,fi) is the {m, fi)- coefficient of Op, and K,{m, fi) is the {m,fi)-th coefficient of S^. 



This conjecture and Theorem 14.81 would imply the following conjecture. 
Conjecture 5.2. For any f G Hi_n/2,pL> ^^^ ^'^■^ 

(5.3) (i(/), Z{U))pai = -r^ (c+(0, 0)«:(0, 0) + L'(e(/), U, 0)) . 

In view of Lemma 13.41 for ^ G L'/L and m G <5(/i) + Z positive, there is an fm,fi G 
Hi-n/2,pL such that Z{fm„fi) = Z{m,fi). Evaluating Conjecture 15.21 for Z{fm,fi) and using 
Theorem 14.81 we see that the two conjectures are equivalent. 

Conjecture 15.21 has also the following consequence. Let Q- C P{V{C)) be defined by 

(5.4) Q_ = {w e V{C); {w,w) = 0, {w,w) < 0}/C*. 

It is isomorphic to D via w = vi — V2i maps to the oriented negative 2-plane z with oriented 
M-basis {^1,^2} (see e.g. [Bolj . |Br2j . and |Ku4j ) . The restriction to Q- of the tautological 
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line bundle on P{V{C)) induces a line bundle u on X^, the Hodge bundle. We define the 
Petersson metric on uj via 

(5.5) \\w\\l^t:=--{w,w). 

Here a := 27re"'^ is a normalizing factor which turns out to be convenient, and 7 = — r'(l) 
is Euler's constant. Rational sections of u;^ can be identified with meromorphic modular 
forms "^{z, h) of weight k and level K for SO(y). The Petersson metric coincides with the 
usual Petersson metric for a modular form (up to the normalizing factor a). Let us assume 
that it has an integral model which we still denote by u. Using the Petersson metric, we 
get a metrized line bundle u = {u, \\ ■ \\pet)- An integral modular form \1/ of weight k can 
be viewed as a section of u, and we have 

kci{u) = (div^,-log||^||^,J e Cr\Xk). 

Now let / be a weakly holomorphic modular form for F' with c~^{0, 0) 7^ and c^(?7i, fi) ^ Z 
for m < 0. Let \l/(-2, h, /) be its Borcherds lifting which is a meromorphic modular form of 
weight c+(0,0)/2 for SO(y) of level K, see jBoT] . Then we have 

^z,hJ) = -2log\\<i>{z,hJ)\\l^„ 

see |Bolt Theorem 13.3]. Consequently, 

c+(0,0)ci(c2;)=i(/). 

So Conjecture 15.21 says that 

Hence we obtain the following conjecture. 
Conjecture 5.3. One has 

j^(^,2(£/)).. = 1.(0.0). 

It is interesting that the right hand side depends only on Kt- When Kt = 0\) for a 
fundamental discriminant Z) < 0, 

«:(0, 0) = log \D\ - 2 ^}^^'°^ = AhF,i{E) 

is four times the Faltings height of an elliptic curve with complex multiplication by Od- 
This follows from the Chowla-Selberg formula as reformulated by Colmez [Co] . When 
n = 1 and Xk = Yq{N), the sections of u^ actually correspond to weight 2k modular 
forms in the usual sense, and Z{U) is the moduli stack of CM elliptic curves with CM by 
Od (see Section [7]). In this case, the conjecture is simply the the celebrated Chowla-Selberg 
formula just mentioned. When n = 2, and X^ is a Hilbert modular surface, sections of u^ 
correspond to weight k Hilbert modular forms, and the left hand side of the conjecture is the 
Faltings height of a CM abelian surface of the CM type {K, $) where K = Q( vA, vD) is a 
biquadratic CM quartic field with real quadratic subfield F = Q(\/A), and $ = Gal{K/kD) 
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as a CM type of K. In this case, the conjecture is a special case of Colmez' conjecture and 
follows from the Chowla-Selberg formula (see for example |Yall Proposition 3.3]). 

6. The n = case 

Here we consider the case n = where V is negative definite of dimension 2. Then U = V 
and the even Clifford algebra C^{V) of V is an imaginary quadratic field k = Q(vD). For 
simplicity we assume that (L, Q) = (a, — n^) for a fractional ideal a C fc as in the end of 
Section El So L' = d'^a. In this case H = T = GSpin(l^) = k*. We take 

(6.1) K = KT = dl, 
which acts on L' /L trivially. So 

Xk = Z{U) = k*\{z^} X k}/dl = {z^} X cm 

is the union of two copies of the ideal class group Cl(/c) (a finite collection of points). It 
has the following integral model over Z. 

Let C be the moduli stack over Z representing the moduli problem which assigns to every 
scheme S over Z the set ^(5") of the CM elliptic curves {E, l) where E is an elliptic curve 
over S and l : Ok ^^ End5(i?) =: Oe is an O^-action on E such that the main involution 
on Oe gives the complex conjugation on k. Indeed, let C+ be the moduli stack over Ok 
defined in |KRYlj . representing the moduli problem which assigns to every scheme S over 
Ok the set C^{S) of CM elliptic curves (-E, l) over 5* such that the CM action l : Ok^^ Oe 
gives rise to the structure map Ok — > Os on the lie algebra Lie(i?). Then C is the restriction 
of coefficients of C^ in the sense of Grothendieck, i.e., it is C^ but viewed as a stack over 
Z: C = (C+ -^ Spec(Ofc) -^ Spec(Z)). 

Lemma 6.1. One has a bijective map between C(C) and Xk- 

Proof. It is well-known that every elliptic curve with CM by Ok over C is isomorphic to 
Ea = C/o for some fractional ideal a of k, and that the isomorphism class of E^, depends 
only on the ideal class of a. On the other hand, E^ has two 0fe-actions induced by 

i+{r)z = rz, L-{r)z = fz, 

respectively. So {zfj, [a]) i-^ {Ea, l±) gives a bijection between Xk and C(C). D 

For {E,i) eC{S), let 

(6.2) V{E, l) = {x e Oe] i{a)x = xL{a) for all a G Ok, and trx = 0} 

be the space of 'special endomorphisms' with the definite quadratic form N(x) := degz = 
—x^. When 5* = Spec(F) for an algebraically closed field F, then V{E, l) is empty if 
F = C or F = Fp for a prime p which is split in k. When p is non-split in /c, then Oe is a 
maximal order of the unique quaternion algebra B which is ramified exactly at p and cxd. 
In this case V{E, l) is a positive definite lattice of rank 2 and N(x) is the reduced norm of 

X. 

For /i G L' /L = d^^a/a and m G Q>o, consider the moduli problem which assigns to 
every scheme S (over Z) the set 2{S) of triples {E, t, j3) where 
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(i) {E,i) eC{S), and 
(ii) f3 e V{E, L)d~^a such that 

N/3 = mNo, ii + f3eOEa. 

It is empty unless m & Q{fi) + Z. 

Lemma 6.2. Let the notation be as above, and assume that m G Q{n) + Z. Then the 
above moduli problem is represented by an algebraic stack Z{m, a, fi) of dimension 0. Fur- 
thermore, the forgetful map {E,l,I3) ^-^ {E^l) is a finite etale map from Z{m,a,fi) into 
C. 

We will view Z{m, a, /i) as a cycle in C by identifying it with its direct image under the 
forgetful map. It is supported at finitely many primes which are non-split in k. 

Proof. Consider the similar moduli problem which assigns to each scheme S over Ok the 
set Z~^{S) of the triples {E, l, (3) where (£^, l) G C^{S) and f3 satisfies the same conditions 
as above. Choose a A G cT^ /da~^ such that the multiplication by A gives an isomorphism 

d-^a/a ^ d-^/Ok, x ^ Ax. 

Then Z^{S) consists of the triples {E, l, (3) where {E, l) G C^{S), 

f3 G V{E, L){da-Y\ N(aa-^) N/3 = m\D\, 

and 

A/i + A/3 G Oe- 

It is proved in |KYlj that this moduli problem is represented by a DM-stack Z^{m, a, fx) 
(denoted there by Z{m\D\,da~^,X, Xfi)). Let Z{m,a,fi) be the restriction of coefficients 
of Z~^{m, a, /i), then Z{m, a, /i) represents the moduli problem S i— > Z{S). The forgetful 
map is clearly a finite etale map. D 

Following |KRY2t Section 2], we define the arithmetic degree of a 0-dimensional DM- 
stack Z as 

(6-3) d^(2) = E E #A;!^^-(^'^)l°g^- 

Here ip{Z, x) is defined as follows. Let Oz,x be the strictly local Henselian ring of Z at x, 
then 

ip{x) = Length{dz,x) 

is the length of the local Artin ring Oz,x- It is well-known that 

(6.4) deg(2:) =deg(cResc)^/z2:) 

for a DM-stack Z over the ring of integers Ok of some number field K, where cResoj^/z Z 
is the restriction of coefficients of Z. In particular, one has 

(6.5) deg(Z(m, a, //)) = deg(Z+(m, a, //)). 



FALTINGS HEIGHTS OF CM CYCLES AND DERIVATIVES OF L-FUNCTIONS 31 

It is also well-known that 
(6.6) di(Z) = ^^i^d^(Z ®z Ok) 

for a DM-stack Z over Z. 

Lemma 6.3. Let Wk = i^Ol- We have 

1 hk ^AD\ 



vo\{Kt) Wk 27r 



HxdA). 



Proof. Recall that T = k* and K = Ol in our case. Hence wk,t = Wk- Moreover, recall 
our Haar measure choice just before Lemma [4.41 Since 

1 -^ Q*\Q} -^ k*\k} -* k\k} -* 1 

is exact, and vol(Q*\Q'^) = 1/2, we see that 

vol(F\A;;) = vol(Q*\Q}) vol(A;^\A;}) = 1. 

On the other hand, we have 

d*x= [ [ d*x= —vo\{dl). 

k*\k* Jk*\k*/dl Joi\6l "^k 

Hence vo\{Kt) = vo^C*^) = f^, and the assertion follows from ([23SD- □ 

Conjecture IS.ll is just the following theorem in this special case, which is a reformulation 
of a result in [KYlj . 

Theorem 6.4. Let the notation be as above and assume that D is odd. Then 

2 

deg(Z(m, a, /i)) = -— -K(m, fi). 

vol (At) 

Sketch of the proof. For a prime p which is inert or ramified in k, let B be the unique quater- 
nion algebra over Q ramified exactly at p and oo. Choose a prime po t 2j9-D (depending on 
p) satisfying 

.^ 7N -TO ({D, -pop)i, if p is inert in k, 

(6.7) mv^B = < 

I [D, —po)i, if p is ramified in k 

for every prime /. Here inv/ B = ±1 depends on whether B is a matrix algebra or a division 
algebra. 

In particular, po = PoPo is split in k. For an ideal b of k, let [b] be the ideal class of B 
and [[b]] be its associated genus, i.e., the set of (fractional) ideals ac^b. Moreover, let 

(6.8) p{n, [[b]]) = #{c cOk, ae [[b]], N c = n}. 

Notice that it is equal to 

p(n) = #{ccOfc; Nc = n} 
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if it is non-zero. In |KYlj . Kudla and the second author proved the following formula: 

deg(Z(m,a,/i)) = 2°(^) 



^ (ordpm + l)p{m\D\/p, [[poda]]) \ogp 



_p inert 

+ J2 {ordpm + l)p{m\D\/p,[[poP'^ da]]) 

p\D, fj,p=0 

Here we decompose 

d'^a/a = ®p\Did'^a/a) (g)Zp, p = {iJ,p)p\D, 

and o(/i) = #{p|D; ftp = 0}. Comparing this with Theorem 12.61 one sees that it suffices 
to verify that for positive m G Q(/i) + Z = — ^ + Zwe have 

(6.9) 2''^^'^p{m\D\/p, [[po^a]]) = r/o(m, p)p{m\D\/p) 
when p is inert in k, and 

(6.10) 2"^^^ p{m\D\/p, [[Pod-' da]]) =r]p{m,p)p{m\D\) 

when p is ramified in k and pp = 0. For p\D, let C,p be the genus character of Cl{k)/ Cl(fc)^ 
given by 

UM) = Xpi^b) = iD,Nb)p. 
Then c G [[b]] if and only if ^p(N c) = ^p(N b) for all p\D. So just as 

l<oo 

one has 

pin,[[b]])= np'Hn/^'(^'[w])' 

where pi{n, [[b]]) = 1 or depending on whether there is an integral ideal c such that 
N c = n and ^i{n) = ^^(N b), and 

{1, if/|D, 

OTdin + 1, if Xp(0 = 1- 

To see (16.91) . we may assume that there is an integral ideal c with N c = m\D\/p (otherwise 
both sides are zero). For any l\D, one has by (16. 7p 

777- D 

6(^N(po5a)) = {D,mppo^a)i 
p 

(6.11) =(D,-mNa),. 
When pi j^ 0, pp ^ Zi, and — m N a E pp + Zi. So 

-mNa\D\ e pp\D\ + Zi\D\ 
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and yU/i|-D| G Z^ (note that / 7^ 2, since D is odd). We may assume that a is prime to d, 
so N a does not interfere here. Hence 

Tfi\ D 

eK^N(po9a)) = {D,-mNa\D\)i = (D,/i/i|D|)i = 1. 
P 

That is pi{m\D\/p, [[poda]]) = 1 when fii ^ 0. When fii = 0, (16. lip imphes that 

pi{m\D\/p, [[po9a]]) = ^(1 + Xii~m N a)). 

This proves (16.91) . The verification of (16.101) is the same plus the fact p{m\D\) = p{m\D\/p) 
ioT p\gcd{m\D\,\D\). D 

Notice that the L-function L{C,{f),U,s) vanishes identically, since it is given as the 
Petersson scalar product of a cusp form and an Eisenstein series. The lattice N is equal 
to L. So Conjecture 15.21 is simply the following theorem in our special case. 

Theorem 6.5. Let f G Hip^ and assume that the constant term 0^^(0,0) of f vanishes. 
Then 

d^{Z{f)) = -U{Z{U),f). 
Proof. Since 

fieL'/Lrn>0 

one has by Theorem 16.41 that 

deg{Zif)) = -— — V Vc+(-m,/i)K(m,/i). 

vol At , r. 

On the other hand, Theorem 14.81 asserts in this case 

*(^(^),/) = -r^CT((r(r),f,(r)))=— i- J] J] c+(-m,/x)«:(m,/.). 

Comparing the two equalities, we obtain the assertion. D 

7. Height pairings on modular curves 

Throughout this section we assume that {V,Q) has signature (1,2). Then Xk is a 
modular or a Shimura curve defined over Q. The Heegner divisors Z{m,p) and the CM 
cycles are both divisors on X^ (both supported on CM points). Moreover, the Faltings 
height pairing is closely related to the Neron-Tate height pairing. Here we compute the 
heights of Heegner divisors employing Theorem 14.81 modularity of the generating series of 
Heegner divisors, and multiplicity one for newforms in S^i2,p,^ ■ Another crucial ingredient is 
the non-vanishing result for coefficients of weight 2 Jacobi cusp forms by Bump, Friedberg, 
and Hoffstein |BFHj . This leads to a proof of the Gross-Zagier formula which uses minimal 
information on the intersections of Heegner divisors at the finite places. Moreover, we 
also prove Conjectures 15.11 and 15.21 by pulling back Heegner divisors to the moduli space C 
defined in Section El 
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7.1. The modular curve Xo{N). In this example we chose L such that Xx = Yq{N). 
Then the compactification of X^ by the cusps is isomorphic to the modular curve Xq{N). 
The basic setup is the same as in |BrOl Section 2.4] with the difference that the quadratic 
form is replaced by its negative (which is slightly more convenient for the present paper). 
Let iV be a positive integer. We consider the rational quadratic space 

(7.1) V ■.= {xe Mat2(Q); tr(2;) = 0} 

with the quadratic form Q{x) := Ndet{x). The corresponding bilinear form is given by 
{x,y) = —Ntr^xy) for x,y eV. The signature of V is (1,2). The group GL2(Q) acts on 
V by conjugation 

'y.x = 7X7~\ 7 e GL2( 



leaving the quadratic form invariant. This induces an isomorphism H = GSpin(y) = GL2. 
The domain D can be identified with EI U EI via 



(7.2) z = x + iy^R^r _^ j + MS ( ^ 



z —z'^\ ^^ ( z —z^ 



-z 



Under this identification, the action of iJ(IR) on D becomes the usual linear fractional 
action. 

Let L be the lattice 

(7.3) L=|(;; -^f); .,i,,ceZ 

The dual lattice is given by 

We frequently identify Z/2A^Z with L' jL via r ^-^ fir = dia.g{r/2N,—r/2N). Here the 
quadratic form on L' /L is identified with the quadratic form x ^-^ —x^ on 'Lj^X'L. The 
level of L is 4A^. For m G Q and /i G L' / L, we define 

Lm,^Ji := {x e fi + L; Q{x) = m}. 

Notice that L^,^ is empty unless Q{fi) = m (mod 1). 
Let Kp C H{Qp) be the compact open subgroup 

Kp=i(l J] GGL2(Zp); ceNZp 

and let K = Ylp^p ^ ^i^f)- Then K takes the lattice L to itself and acts trivially on 
the discriminant group L' /L. Since H{Af) = H{Q)K, it is easily seen that 

a : ro(iV)\e ^Xk = H{Q)\D X H{Af)/K, To{N)z ^ H{Q){z, l)K 

is an isomorphism. 
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Let m G Q>o and let fi G L' /L such that Q{fJ^) = m (mod 1). Then D := ~ANm G Z is 
a negative discriminant. If r G Z with fi = fir (mod L), then D = r^ (mod 4A^), and 

(7.5) X = (M± jA e L^,^.. 

V 4iV 2Af/ 

Conversely, for a pair of integers D < and r with D = r^ (mod 4A^), let m = —D /AN 
and /i = /ij.. Then m G Q(/i) + Z is positive. We will use this correspondence in this 
section freely without mentioning it. Moreover, it is easy to check from Lemma [4.11 that 

(7.6) Z(m, /i) = Pc^r + Pd~t 

where Pd.t is the Heegner divisor defined in jGKZ] . 
For a positive norm vector x as in 07.51) we put 

(7.7) V+ = Qx, U = Vr}x^, 

(7.8) p = L n 14, Af = Lnu. 

Then V^ is a positive definite line and U is a 2-dimensional negative definite subspace in 
V. Here we use Af instead of N as in the previous section to avoid confusion with the level 
A^. An easy computation gives 

(7.9) ^^z(_V _°>z(A T 
In particular, the determinant of A/" is —D. It is also easy to check that 

(7.10) V = z(^o^^^^=Z—x, V' = Z^x. 

with t = gcd(r, 2A^). We consider the ideal n = [A^, ^^±f^] of Od = T\^^fl-\. The norm of 
n is equal to A^. We define a quadratic form Q on n via 

(7.11) Q(-) = -^- ^^"^ 



N N(n)' 

Lemma 7.1. Assume that D is the fundamental discriminant of k = Q(-\AD)- Then the 
following map gives an isomorphism of quadratic lattices: 

f : (n, Q) -. (AT, g), xN + y-^^ ^ {x, y} := ( ^^ \_, " f 

Moreover, both are equivalent to the integral quadratic form [—N, — r, — ^ ^ ] = —Nx'^ — 

r^ — D 2 

rxy- -ji^y ■ 

Proof. Clearly, 

Q{xN + y ^ ) = -- ( {xN + ^—f -jyj= -Nx^ - rxy -^y\ 
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SO (n, Q) is equivalent to [— A^, — r, — *" ~^^ ]. On the other hand, by definition we have 

Q{{., ,}) = iV det ( _,^^_;^ -_l ) = -N^ - rx, - ^/. 

By means of (17. 9p . one sees then that N is equivalent to [— A^, — r, — "' ~'^ ], too. This proves 
the lemma. D 



By Lemma ITTTl we see that T = GSpin(f/) = k* with k = Q{\'D). It is easily checked 
that KT = dl. 

Proposition 7.2. Assume that D is a fundamental discriminant coprime to N. Then 

Z{U) = Z{m,ij). 

Proof. We claim that under the assumption on D we have 

(7.12) nm{Af) n supp(0^) = Kx. 

Then the assertion follows directly from the definitions of the cycles (14. 6 p and (I4.13p . To 
prove the claim, we have to show for all primes p that ^m{Qp) H supp(0^) = KpX. This is 
a direct computation which we omit. D 

7.2. The Shimura lifting and Hecke eigenforms. Recall from |EZ l §5] that for the 
lattice L (defined in Section 17. ID the space of cusp forms S^/2,p,^ is isomorphic to the space 
J2,N of Jacobi forms of weight 2 and index A^. There is a Hecke theory and a newform theory 
for J2,Af which give rise to the corresponding notions on S^/2,p^- Let S'^(-/V) denote the 
space of cusp forms of weight 2 for ro(A^) which are invariant under the Fricke involution. 
Note that the Hecke L-function of any G G S'^(A^) satisfies a functional equation with 
root number —1 and therefore vanishes at the central critical point. According to |SZj . the 
subspace of newforms J^^ of J2^n is isomorphic to the subspace of newforms S2^^~{N) 
of S2 (N) as a module over the Hecke algebra. The isomorphism is given by the Shimura 
correspondence. 

More precisely, let mo G Q>o and /iq G L'/L such that mo = Q(/^o) (mod 1). Assume 
that Do := — 4A^m,o G Z is a fundamental discriminant. Let x G Lmo,fio be as in (17.50 and 
let U be defined by (17.71) . There is a linear map Smo,fj.o '■ 'S'3/2,p^ -^ S2{N) defined by 

(7.13) g = 5^5^6(m,/.)g-0, ^5^„,,„(^) = E E (t) ^ ("'°^'^°^) ^"' 

^J. m>0 n=l d|n ^ ^ ^ ^ 

see |GKZt Section II. 3], or [Sk^ Section 2]. If we denote the Fourier coefficients of 5^0,^*0(5') 
by B{n), then we may rewrite the formula for the image as the Dirichlet series identity 

(7.14) L (5^0,^0 (5f),s) = ^B{n)n'' = L{xdo,s) ■ ^b {mQU^, i^qu) n'". 

n>0 n>0 

The maps Smo,iio are Hecke-equivariant and there is a linear combination of them which 
provides the above isomorphism of S^J^p ^^^ S2'^^~{N). Notice that ii g E •S'gf^ is a 
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newform that corresponds to the normahzed newforni G G 5*2 ^'"'(A^) under the Shimura 
correspondence, then 

(7.15) L{Smo,f,o{.g)^s) = b{mo,ij,o) ■ L{G,s). 

Lemma 7.3. Let mo, fiQ, Dq, U be as above. If g E 5'3/2,pi, then 

L{g, U, s) = 2-' (Trmo)"^^^')/' T (^) L{xd,,s + l)-'L{S^,,^,{g),s + l). 
In particular, 



L'{g, U, 0) = V^^"K^t) ^^^^^ ^^^^,^^^ ^^^ 

IT 

ifge SlJl^^ and G G ^^'"'"(iV) are further related by fjTT^ . 
Proof. In view of (14.241) we have 

L{g,U,s) = (4vr)-(^+^)/^r (^) J^ b{Q{X),X)Q{Xp^^'y\ 

where we view g as a modular form with representation pvisN via Lemma 13. 1[ Using the 
fact that 6((5(A), A) = for \ E V unless A G P' fl L' = Zx, the assertion follows by a 
straightforward computation. D 

Let G G S2^^~{N) be a normalized newform of weight 2, and write Fq for the totally real 
number field generated by the eigenvalues of G. There is a newform g G 5*3 f^ mapping to 
G under the Shimura correspondence. We normalize g such that all its coefficients b{m, /i) 
are contained in Fq- 

Lemma 7.4. There is a f E -f^i/2,pi with Fourier coefficients c^{m,fi) such that 

(i) e(/) = hin, 

(ii) the coefficients of the principal part Pj lie in Fg, 
(iii) the constant term c"''(0,0) vanishes. 

Proof. The existence of an / G -^1/2,^^ satisfying (i) and (ii) follows from Lemma 7.3 in 
|BrOj . We may in addition attain (iii) by adding a suitable multiple of the theta series in 
Mi/2,p£ for the lattice Z with the quadratic form x 1-^ Nx'^. D 

Lemma 7.5. Let g G S^J^ be a newform with Fourier coefficients b{m, fi) as above. Let 
S be a finite set of primes including all those dividing N. There exist infinitely many 
fundamental discriminants D < such that 

(i) q splits in Q{^/D) for all primes q G S, 
(ii) b{m, fi) y^ for m = —^ and any fi G L' /L such that m = Q{fi) (mod 1). 

Proof. This is a consequence of the non-vanishing theorem for the central critical values 
of quadratic twists of Hecke L-functions proved in |BFHj . together with the Waldspurger 
type formula for Jacobi forms, see |GKZl Chapter II, Corollary 1] and [Sk]. D 
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An alternative proof could probably be given by employing the relationship between 
vector valued modular forms (respectively Jacobi forms) and scalar valued modular forms 
and using the non- vanishing result proved in jBrlj . 

7.3. The Gross-Zagier Formula. Let yo{N) (respectively Xo{N)) be the moduli stack 
over Z of cyclic isogenics of degree N of elliptic curves (respectively generalized elliptic 
curves) n : E ^ E' such that ker vr meets every irreducible component of each geometric 
fiber as in JKM] . Then Xo{N){C) = Xo{N). The stack Xo{N) is a proper flat curve 
over Z. It is smooth over Z[l/iV] and regular except at closed supersingular points x in 
characteristic p dividing A^ where Aut(a;) 7^ {±1} (see |GZ[ Chapter 3, Proposition 1.4]). 
Let Z{m,fi) be the DM-stack representing the moduli problem which assigns to a base 
scheme S over Z the set of pairs [n : E ^ E' , l) where 

(i) 7c : E —^ E' is a cyclic isogeny of two elliptic curves E and E' over 5* of degree A^, 
(ii) L : On "—>■ End(7r) = {a G End(ii^); Travr^^ G End(£^')} is an On action on tt such 
that i(n) ker tt = 0. 

Here n = [A^, ^'2^ ] ^^ ^^^ ideal of A; = Q( V^) above A^ and jjr = jJ^ (recall that D = —ANm 
and fir = diag(2^, —j^))- Moreover, Od denotes the order of discriminant D in k. 

The forgetful map [tt : E —>■ E', t) \—>- {n : E —>■ E') is a finite etale map from Z{m,fi) 
into 3^0 (A^); which is generically 2 to 1, and its direct image is the fiat closure of Z{m, fi) in 
Xq{N). It does not intersect with the boundary A'o(A^)\3^o(^)) and lies in the regular locus 
of Xo{N) (see |Cot Lemma 2.2 and Remark 2.3]). In particular, we may use intersection 
theory for these divisors and for cuspidal divisors on Xo{N) even though Xo{N) is not 
regular. 

Let / G /7i/2,pi, and denote the Fourier expansion of / as in (13. 4p . Assume that the 
principal part of / has coefficients in M and that c"'"(0, 0) = 0. There is a divisor C{f) on 
Xo(A^) supported at the cusps such that $(2;, h, /) is a Green function for the divisor 

Z^{f) = Z{f) + C{f) 

of degree on Xo{N). Let Z'=(/) be the fiat closure of Z^f) in Xo{N). We write i'=(/) 
for the arithmetic divisor given by the pair 

For m G Q>o and fi E L' /L we define 

„/ X degZfm, /i),, , , ,, 
(7.16) y{m, /i) = Z{m, /i) - ^ ^ '^^ ((00) + (0)). 

This divisor has degree and is invariant under the Fricke involution. Moreover, using the 
principal part of the weak Maass form /, we put 

(7.17) y{f)= Yl Y^'^i-^^f^)yi^^f^)- 

l^ieL'/Lm>0 

We let y{m,fi) and y{f) denote their fiat closures in Xq{N). Note that for primes p not 
dividing the discriminant D = —ANm, the divisor y{m, n) has zero intersection with every 
fibral component of Xq{N) over Fp, see e.g. jGKZt Chapter IV. 4, Proposition 1]. 



FALTINGS HEIGHTS OF CM CYCLES AND DERIVATIVES OF L-FUNCTIONS 39 

Let J = Jo{N) be the Jacobian of Xq{N), and let J{F) denote its points over any 
number field F. They correspond to divisor classes of degree zero on Xo{N) which are 
rational over F. Note that y{f) is a divisor of degree which differs from Z'^{f) by a 
divisor of degree zero on Xo[N) which is supported at the cusps. By the Manin-Drinfeld 
theorem, Z'^{f) and y{f) define the same point in the Mordell-Weil space J(Q) ®z C. 

We now fix some notation for the rest of this subsection. Let G G S2^^'~{N) be a 
normalized newform defined over the number field Fq- Let g G Sl^J^ be a cusp form 
corresponding to G under the Shimura correspondence with coefficients 6(m, yu) G Fq- Let 
/ G Hi/2,pj^ be a harmonic weak Maass form as in Lemma 17.41 

We now consider the generating series 

(7.18) A{t)= Y. 5^y(m,/i)g"^0,. 

By the Gross-Kohnen-Zagier theorem, A{t) is a modular form with values in J(Q) 0^ C. 
Borcherds gave a different proof for this result using Borcherds products associated to 
weakly holomorphic modular forms in M^,^ ^ , see |Bo2j . 

We may look at the projection A'^{t) of A{t) to the G-isotypical component of J(Q)®zC. 
So the coefficients of v4*^(r) are the projections y'^{m, jj) of the Heegner divisors y{m, fi) to 
the G-isotypical component. |BrUt Theorem 7.7] describes this generating series as follows. 

Theorem 7.6. Let f , g, and G be as above. We have the identity 

A^(r) = g{T) ® y{f) G Ss/2,p, ®z J(Q). 

In particular, the divisor y{f) lies in the G-isotypical component of J(Q) ^z C. 

The proof is based on a comparison of the action of the Hecke algebra on the Jacobian 
and on harmonic weak Maass forms, and on multiplicity one for the space 5*3?^ . 

Theorem 7.7. Let G be a normalized cuspidal new form of weight 2, level N whose L- 
function has an odd functional equation. Let f and g be associated to G as above. Then 
the Neron-Tate height of y{f) is given by 



{y{f),y{f))NT = ^,L'{G,l). 

Proof. According to Theorem 17. 6[ we have b{m, fi)y{f) = y'^{m,fi), and therefore 

{y{f),y{f))NTb{m,fi) = {y{f),y{m,fi))NT 

= {ZV),yim,fi))NT 

for all {m,n). Here we have also used the Manin-Drinfeld theorem. Set d{m, fi) = 
deg Z{m, fj,). For two pairs (mo, /xq) and (mi, /ii) which we will specify appropriately later, 
we put 

c = c(mo, mi, Ho, fii) = d{mi, Hi)b{mo, Hq) - d{mo, Ho)b{mi, /xi). 



40 JAN H. BRUINIER AND TONGHAI YANG 

We consider the degree zero divisor 

Z = d{mi, fii)y{mo, fio) - d{mo, fio)y{mi, fii) 
= d{mi,iJ,i)Z{mo, /io) - d{mo, /io)Z(mi, /xi). 

on Xo(A^). This divisor is supported outside the cusps. Let M be the least common 
multiple of the discriminants of the Heegner divisors in the support of Z{f). We assume 
that Di = —ANrrii is coprime to MN. This implies that Z'^{f) and Z are relatively prime. 
Moreover, it implies that for every prime p, the divisor Z^{f) or the flat closure of Z 
has zero intersection with every fibral component of Xo{N) over Fp. By means of [Grl 
Section 3], we find 

c(?/(/), vUDnt = (Z^if), d{mi, /ii)Z(mo, Ho) - d{mo, HQ)Z{mi, Hi))mt 

= d{mi, /ii) {Z^if), Z{mo, iJ,o))Fai - d{mo, /io) (Z^if), Z{mi, /ii))™- 

Notice that C(/), the fiat closure in Xq{N) of the cuspidal part C(/), lies in the cuspidal 
part of Xq{N) and thus does not intersect with Z{m,fi). One has by Theorem 14. 8[ and 
Lemma 17.31 

(7.19) {ZV),Z{mo,fio))Fai 

= -$(Z(mo, /io), /) + {Z{f), Z{mo, jiq)) fin + (C(/), Z{mQ, Hq)) fin 

= -itI^^'^^^^)' ^0' 0) + ut ^ ^T<^^' ^^0 ® ^-^o) + <^(^)' ^^^0' /^o))/- 
vo1(AtoJ vo1(AtoJ 



= ^i^b{mo, /io)L'(G, 1) + J CT(/+, 6^, ® S^,) + {Z{f), Z{m,, /io))/,.. 
Here the subscript in Po, A/q, Uq, and To indicates its relation to Dq. So we see that 



c(2/(/),2/(/)W = c^f^L'(G,l)+ Y. "plogP 

" " p prime 

with coefficients a^ G Fq. 

We claim that we can choose Dq and Di such that c 7^ 0. In fact, according to Lemma [731 
we may fix a pair (mo,/io) such that Dq is coprime to MN and such that b^niQ, fio) 7^ 0. 
We let {rrii, /ii) run through the pairs such that Di is is a square modulo 4N and coprime 
to MN. By Siegel's lower bound for the class numbers we have for any e > that 

(i(mi,/ii) :^£ m;^' ~^, mi -^ 00. 

On the other hand, by Iwaniec's bound for the coefficients of half integral weight modular 
forms as refined by Duke jlwj . |Duj . we have 

l.^ \ // l/2-l/28+£ 

o[mi, fiij <^e f^i , mi ^ 00. 

This implies that c 7^ for mi sufficiently large. Hence we find hat 



(7.20) {y{f),y{f))NT = ^T^L\G, l) + J2(3, \ogp 

nan p 
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for some coefficients (3p G Fq independent of all choices that we made above. 

Now we prove that /5p = for every p. Let p be any fixed prime. According to Lemma 1731 
we may fix a pair (?7io,/io) such that Dq is coprime to MN, p splits in Q(a/Z)o); and such 
that barrio, fio) ^ 0. We let (mi,/ii) run through the pairs such that D\ is is a square 
modulo 4A^ coprime to MA^, and such that p splits in Q(v^I^). As above, we have c 7^ 
when m\ is sufficiently large. In view of (17.191) and (17.201) . one has 

_2d{Tni,iJ,i) 2rf(mo,/io) , d{mi, fii) d{mo, Ho) 

cvoI[KtJ cvoI(Ati) c c 

Here we write 

q prime 

by Theorem 12.61 and 

{2if),Z{mi,iJ,i))fin= ^ &i,glogg 

q prime 

by definition. By Theorem 12. 6[ one sees immediately that a^^p = since p is split in 
ki = Q(\/A)- On the other hand, ii x = {n : E ^ E', i) e Z{mo, fXo){¥p), then E and E' 
are ordinary since p is split in /cq. This means that l is an isomorphism. So there is no 
action of On on E if D/Dq is not a square. This implies 

{Z{m,n),Z{mo,Ho))p = 

if m/rriQ = D/Dq is not a square. Consequently, 

{Zif),Z{mo,ij,o))p = 0, 

that is, 6o,p = 0. For the same reason, 6ip = and thus Pp = 0. This proves the 
theorem. D 

Corollary 7.8. (Gross-Zagier formula \GZ\ Theorem 1.6.3]^) For any any yU G L' /L and 

any positive m G Q{n) + Tj we have 

{y^{m, fi),y^{m, fi))NT = , 2L 2 -^(^' ^d, 1)L'{G, 1). 

Here D = —4Nm and \\G\\ denotes the Petersson norm of G. 

Proof. This follows from Theorem 17.71 using the fact that y'^{m,fi) = b{m, fi)y{f) and the 
Waldspurger type formula 

b(rn,f,f = —^^^—-yW\L{G,XD,l), 



87rVN\\G\\^ 

see |GKZ[ Chapter II, Corollary 1], and ^]. Here we have also used the fact that the 
Petersson norm ||5f|| is equal to 2A^^'^||(/)||, where is the Jacobi form of weight 2 corre- 
sponding to g and ||0|| is its Petersson norm, see \EZ\ Theorem 5.3]. (Notice that a factor 
of 2 is missing in |EZ] which is due to the fact that the element (—1,0) of the Jacobi group 

acts as (r, z) ^-^ (r, —z) on EI x C) D 
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7.4. Pull-back of Heegner divisors. We continue to use the notation of Section 17. 1[ 
Given two cycles Z{mi,fii) in 3^o(^); let Di = —ANrrii and Tj G Z/2A^Z with /ij = fi^ as 
before. We assume that Do is prime to 2N and is fundamental, and that DqDi is not a 
square so that Z(mo,/io) and Z(mi,/ii) intersect properly. In this setting, Conjecture 15.11 
is just the following theorem. 

Theorem 7.9. Under the above assumptions on Dq and Di, the finite intersection pairing 
{Z {mi, Hi), Z (mo, Ho)) fin is equal to the {mi,Hi)-th coefficient of ^^^^9'p^{r) ®£xo{t). 
That is, 

2 

{Z{mi,Hi),Z{mo,Ho))fin = ttttt Y] Y] K{mi - Pmo,u). 

vol At ^-^ ^-^ 

Ixo<^V'q ,y+lxo=t^i (L) 
l^mo<mi 

In this subsection, we prove the result by pulling the intersection back to the CM stack 
C studied in Section [6] and using Theorem 16.41 Let Uj = [A^, ^'"'"^ ' ]. Let C be the moduli 
stack of CM elliptic curves associated to the quadratic field ko = Q(VA^) defined in 
Section El For a CM elliptic curve {E, l) G C{S), let E^ = E/E[no] and let it : E ^ E^^ 
be the natural map. Write 

OE,no = End5(7r) = {ae Oe] TraTr"^ G Ends(^nt,)}- 
The starting point is 
Lemma 7.10. There is a natural isomorphism of stacks 

i -.C -> Z{mo, /io), 3{E, i) = {n : E -^ E^,l). 

Proof. Since i(no)ker7r = i(no)-E[no] = 0, and i(0_Do) '^ ^E,no, one has for {E,l) G C{S) 
that j{E,l) G Z{mo, fio)iS). The map j is obviously a bijection. It is also easy to check 
that Auts'(-E, t) = Auts{j{E, t)). So j is an isomorphism. D 

Combining this map with the natural map from Z{mo, fio) to Xo{N), we obtain a natural 
map from C to Xo{N), still denoted by j. Its direct image is the cycle Z{mo,fio)- So 

{Z{mi, /xi), Z{mo, Ho)) fin = deg{j*Z{mi, Hi))- 
Looking at the fiber product diagram 

j*Z{mi,Hi) = Z{mi,Hi) y<Xo{N)C ^C , 



Z{mi, Hi) MN) 

one sees that j*Z{mi, hi){S) consists of triples {E, t, 0) where {E, l) G C{S), and 

(f) : Odi ^ OE,no 

such that 

(j){ni)E[no] = 0. 
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Proposition 7.11. One has 

^ ' n=rori (mod 27V) I u| v U 

n2<DoDi 

Here 2 G Tj/ DqTj is determined by the condition 2-2 = 1 (mod Dq). 

Proof. First we look at geometric points {E, l, 0) G j*Z{mi, yUi)(F), with F = C or F = ¥p. 
Then Oe,^) contains t{Oko) and ^(CfcJ, and is thus at least of rank four over Z. This implies 
p is non-split in ki, i = 0,1, and E is supersingular. Assuming this, let B be the quaternion 
algebra over Q ramified exactly at p and oo, and let 

Lq : ko ^-^ M 

be a fixed embedding. Choose a prime po f 2pDo such that (as in Section [6]) 

. \{Do,-pop)i if p inert in fco, 

mv/lB = < 

I [Do, —pQ)i if p ramified in k^ 

for every prime /. In particular, po = poPo i^ split in feg- Let kb = —PoP or — po depending 
on whether p is inert or ramified in ko, and let 6m G B* such that 6'^ = k^ and ^la = q;5 
for a E kf). Here we identify a E k^ with io(Q^) ^ IK. Then Oe = EndF is a maximal order 
ofB. Write 

(7.21) ^(!l±^) = a + (3eOE,u, 

with a E ko and j3 G (^b/cq- The condition 0(ni)-E[no] = is the same as 



which is the same as 

a + (3 E OeWq. 
In particular, a E ^Q^^rio. One sees from (I7.2ip that 

(/-(TA) = tti + 2/3 
with ai = — ri + 2q; G Sq""'^ and trai = 0. We write 

ai = — ==, a = ^=(aA^ + 6 , 



Then we see 

and thus b = vi, and 

Moreover, 



n = -ri a/Do + 2aA^ + bro + b^/Do 
n = 2aN + rgri = rgri (mod 2A^). 



Di = a?-4N(/3) = — -4N(/3), 



^0 
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and so 

This implies that 

(7.22) (E,,^) e Zi^^l^,n„'^±^^m. 






4:N\Do\ 



2^/Dn 



Conversely, if {E, l, (3) e ^( ^"^L'"' , no, "+")^ )(Fp) for some n = rori (mod 2A^), then 



2VDE 



/3gMo-V N(/3) = ^l^\j^f N(no) 

and 

a + ,3 G OeXXq 

with a = """i^^/n ° . If we write n = rori + 2aA^, then 

a = — —=^ — = ^^{aN + n ) e Oq no. 



2JDn 



'Do 



So 4>{ ^^~^2^ ) = a + /3 G Osno gives {E, l, 0) G j*Z{mi, /ii)(Fp). Hence we have proved an 

.DoDi—in? n + riy/D^, 



isomorphism 

(7.23) fZ{mulii)(fp) 



u 



n=ror\ (mod 2A'') 
n^<DoDi 



^^ AN\Do\ '''°' 2VDo 



Wp), 



given by {E, t, 0) t— > {E, t, (3) via the relation 

2 ^ ~ 2x/a; 



+ A 



Let W = W{¥p) be the Witt ring of ¥p. It is not hard to check that for any locally 
complete PF-algebra R with residue field Fp, {E, l, 0) lifts to an element in j*Z{mi, fii){R) 
if and only if {E, l, /3) lifts to an element in ^( ^°^jy~"' , Uq, ^^±I^^^){R). So we have by 
Theorem 16.41 that 

{Z{mi,ni),Z{mo,Ho)) = deg{j*Z{mi, ni)) 

degZ( ,^,1^1 , no, — „ ^^ ) 



n=rori (mod 2Af) 
n2<DoDi 



E 



4Ar|Do| ' "' 2v^ 

DoDi — n^ n + Tiy/D'a 



K 



vo1(/s:t) ^^ ^N\Do\ 

^ ' n=rori (mod 2Af) ' ' 

n'<DoDi 



2jDn 



Since ""^''/^ ° = -^ (mod Odq), this concludes the proof of the proposition. 
Now Theorem 17.91 follows from the above proposition and the following lemma. 



D 
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Lemma 7.12. Let the notation be as above. Then one has 
7.24 > > KJmi-Pmo)= > k HM ^, ^= • 



Ixo&V'q u+lxo=tMi (L) n=rori (27V) 

Pmo<Tni 

Proof. It is clear that Ixq G Vq if and only if / = -^ with n G Z. The inequality /^ttiq < mi 
is the same as n^ < DqDi. By Lemma [7.11 one sees that 



(7.25) '^(«)=/(^)=^(iS;')' «e^/^oZ 

gives a complete set of representatives of A/'o/A/q. Write 



with u = "~J^^" . So z/(a) + /xq G yUi + L if and only if 

n-2Na ^ , . , .^n 

M = — G Z, and wro = ri (mod 2A'). 

Since {Dq, 2N) = 1, and Dq = Tq (mod 4A^), one sees that the above condition is equivalent 
to 

n = 2Na (mod -Do), "^ = ''"o^i (mod 2N). 

So u^a) + lxo E fii + L if and only if n = fori (mod 2A^) and Na = 2n (mod Dq). In such 
a case, Lemma [7.11 implies 

, , ,, , Na , . 2n 

K{t, z/(a)) = K{t, -j=) = K{t, -y=)- 
\j uq V^o 



Finally, one checks 



,2 D, n" Do DqD^ - V? 
Till — I rriQ = h 



AN Dim 4:N\Dq\ 

Putting this together, one proves the proposition. D 

Now Conjecture 15.21 becomes the following theorem in our setting. 

Theorem 7.13. Assume that Dq is a fundamental discriminant coprime to 2N. Let f be 

any element of Hi/2,pj^. Then 

(7.26) (i^(/), Z(mo, fXo))Fai = — r^ (c+(0, 0)«:(0, 0) + L'(e(/), U, 0)) . 

Proof. We first assume that Z{f) and Z(mo,/io) intersect properly. According to Propo- 
sition [721 the assumption on Dq implies that Z{U) = Z{mQ,fio). Hence Theorem 14.81 says 
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that 



vo\{Kj 



(CT ((/, er,{T) ® S^,{t))) + L'(e(/), U, 0)) . 



According to Theorem 17.91 we have 

{2''if),Z{mo,iJ,o))f,n= ^ c'^{-m,iJ,){Z{m,iJ,),Z{mo,fio))fin 

m>0,fieL'/L 

YOlyKTJ 

Adding the two identities together, we obtain the assertion in the case when Z{f) and 
Z(mo,/io) intersect properly. Finally, for general /, we notice that there always exists a 
weakly holomorphic modular form /' G M^,^ - with vanishing constant term such that 
Z{f + f) and Z{mo, /io) intersect properly. For /' both sides of the claimed identity fl7.26p 
vanish. Hence, the general case follows from the linearity of (I7.26P in /. D 

Notice that Theorem 17.131 and Lemma 17.31 can be used to give another proof of the 
Gross-Zagier formula in Theorem 17.71 

8. The case n = 2 

In this section, we verify a very special case of Conjecture 15.11 when n = 2. We plan to 
study the case n = 2 systematically in a sequel to this paper. 

Let F = Q(vA) be a real quadratic field with prime discriminant A = 1 (mod 4). We 
denote by Op the ring of integers in F, and write dp for the different of F. Let V be the 
quadratic space 

(8.1) V = {AeM2{Fy, A' = A'} = {A={-,1); a, 6 G Q, A G F} 

with the quadratic form Q{A) = detA, which has signature (2,2). We consider the even 
lattice L = Vn M2{Of)- The dual lattice is 



In this case, 
acts on V via 

Take 



L' = {A={-,\)- a,beZ, Xedp'}. 

H = GSpin(l^) = {ge GL2(F); det^ G Q*} 

g.A=-^gA'g'. 
del g 



K = H{Z) = {g& GU{.Of)] deig G Z}. 
The following identification is well-known 

(8.2) {rn^f ^ D, z = (zi, Z2) ^ t/ = M (i, .,.,%,,, ) © M ( 4 _.,;A,,, ) . 
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Since H{Af) = H{Q)^K, one can show that 

Xk = i/(Q)\D X H{Af)/K = SUiOF)\lf, 
which we will denote simply by X in this section. 

8.1. The CM cycle Z{U). There are many CM 0-cycles Z{U). Here we choose a special 
one for simplicity. Let kn = Q(vD) be an imaginary quadratic field with fundamental 
discriminant D and assume {D, 2A) = 1. The oriented negative 2-plane associated to the 

CM point z = i^^^, ^^^) e X via ([82D is actually rational and is given by 

(8.3) t/ = Q/i©Q/2, /i = (U), f2={lAn)- 
The lattice N = U (1 L is isomorphic to 

(8.4) {N,Q) = {Od,-N), fi^l, f2^VD, 
where Od is the ring of integers in k£). It is easy to check that 






Va\ 


62 = 


/ 


1 


D+-/A 
2 


^>/A 


n j' 


, D 


-Va 


d'^-d 








\ 


2 


4 



N 
P = V+nL = Zei®Ze2 = (D, — ), 

where 

ei = 

and D is the ideal of k^,^ = Q{y/DA) over A. Let Pi = Zcj and 

M = P^^nL = {A={l>^^); a,b,ceZ} = {A={l-,)- a,b,ceZ}. 

So the cycle Z{ei, 1) defined in (14. 3 p is naturally isomorphic to the modular curve Yq{1) 
defined in Section [71 The inclusion N G M G L gives rise to natural morphisms 

(8.5) ziU)^^Yo{l)^^X. 

In terms of coordinates in upper half planes, they are given by 

M[zu,h]) = — — — , ji{z) = {z,z), 

if [a, ^^2 ] ^^ ^^^ ideal of k^i associated to h. The morphism jo is two-to-one, and ji is an 
injection. It is not hard to check for a non-square integer m > that 

(8.6) JiZ(m,/i)= Y^ rp,(mi,/ii)Z(m2,/i2)yo(i)- 

fj,iePi/Pi,ti2(^M'/M 

fJ,l+fJ,2=fJ- (L) 
m\+m2=m,mi'>0 

Here we use the subscript Pi to indicate the dependence of Fourier coefficients rp^ (m, /i) 
on Pi, and the subscript Yq{1) to indicate the cycles in Yq{1). We remark that Z{m,fi) is 
basically the Hirzebruch-Zagier divisor T^a- 
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8.2. Integral Model. Let X be the Hilbert moduli stack assigning to a base scheme S 
over Z the set of the triples {A, l, A), where 
(i) A is a abelian surface over S. 

(ii) i : Op "^^ EndsiA) is real multiplication of Op on A. 

(iii) A : dp^ -^ -P(^) = Homc)^(A, A^)sy^ is a 9^ ^-polarization (in the sense of Deligne- 
Papas) satisfying the condition: 

dp^^A^A"^, r (g)a f-^ A(r)(a) 

is an isomorphism. 

(See |Got Chapter 3] and [Vo^ Section 3].) Then it is well-known that X{C) = X. Let 
Z{m,^) be the fiat closure of Z{m,^) in X, and let 2{U) be the flat closure of Z{U) in 
X. Let C and 3^o(l) be as in Sections E] and El Let jo : C ^ 3^o(l) be the map defined in 
Lemma lY. 101 (with abuse of notation). The map ji extends integrally to a closed immersion 
ji from 3^o(l) to X defined in |Ya21 Lemma 2.2]. Let j = ji o Jq be the map from C to X. 
Then the direct image of C is Z{U), so j can be viewed as the integral extension of the 
map j defined in (8.5). Taking the fiat closures on both sides of (18. 6p . one sees that (18. 6p 
holds also integrally. So we have by Theorem 17.91 and Lemma 17.101 that 

{Z{U),Z{m,fi))x = ((jo)*C,Ji2("^,/^))yo{i) 



E 



rp,(mi,/ii)(Z(- — ,— ),Z(m2,^2))3^o{i) 

tiiGP[/Pi,tM2&M'/M 

/^l+/^2=M (mod L) 
mi+m2=m, mi>0 



= c ^ rpj(mi,/ii) ^ rp2(m3,/i3)fi;Ar(m4,/i4) 

fj.iePi/Pi,fj.2&M'/M ti3&Pi/P2,f^4eN'/N 

A'l+A'2=A' (mod L) fi3+fi4=fi (mod M) 

mi+m2=Tn,mi>0 7713+7124=1712, mi>0 

= c ^ rpj+P2(mi,/ii)fi;iv(m2,/i2). 

^^le(Pl+P2y/(Pl+P2),^l2&N'/N 

/ii+/i2=M (mod L) 

7111+7112=711, 7ni>0 

Here c = rnr^ = — ^^ as in Lemma [6731 Since 

Pi® P2® N d P ® N d L G L' d P' ® N' G {Pi® P2)' ® N' , 

it is easy to see that for /ii G (Pi © P2)' and /i2 G iV', the condition /xi + /i2 G L' implies 
that /ii G P'. So we have proved Conjecture 15.11 in this special case, which we state as a 
theorem. 



Theorem 8.1. Let F = Q(v A) be a real quadratic field with prime discriminant A = 1 
(mod 4), and let X he the associated Hilbert modular surface. Let U be as above, and 
assume that m > is not a square. Then 

{Z{U),Z{m,fi))fin = V] rp(mi,/ii)fi:Ar(m2,/i2) 

iix<:LP' jP,ii2(iN' IN 

/il+/i2=/i (mod L) 

mi+m2='Ti, mi>0 
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is times the {m^ij)-th Fourier coefficient of 6p{t) ®8n{t). 

As discussed in Section |5l this implies Conjecture I5.2[ We also remark that the L-series 
L{^{f),U,s) is the Rankin-Selberg L-function of a cusp form of weight 2, level A and 
non-trivial Nebentypus xa with a theta function of weight 1. This is new in the sense that 
it is associated to the Jacobian of Xi(A). 
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